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- INTRODUCTION

Serious attention to the problems of atmosphere entry developed during
the early 1950's with the advent of large-scale effort to develop long range
ballistic missiles. Among the results of this early activity was the discovery
that motion and convective heating are intrinsically coupled and that for the
range of weights and speeds of interest, blunting the body would reduce the
heating problem. It was soon discovered too how lift might best be used to
maneuver in the atmosphere; however, it became clear in the course of events
that the price of lift was added weight to hcat shield the entry vehicle. These
results were shown to be valid at both subsatellite and supersatellite speeds
and, within the framework of approximate inviscid flow and boundary layer
theory plus available experimental data, they provided an orderly methodology
for understanding the atmosphere entry problem for velocities approaching Earth
escape speed. This methodology was also suitable for including consideration
of heat sink, ablation, film, or radiation cooling.

Much remained to be done, however, in improving flow field calcula-
tions and in accounting for radiative heat transfer, alone and in combination
with convective heat transfer at speeds the order of and greater than Earth
escape speed, where ionization becomes thermally significant. More recent
research has been concentrated on these and other aspects of hyperbolic
entry.

The first seven papers reprinted in this volume span the spectrum of
fundamental contributions to the understanding of atmosphere entry made during
the earlier period. The more recent advances rest, in many cases, on these
and similar works. A number of these advances along with some remaining
problems are reviewed in the eighth and last paper reprinted herein.

In order to assist the reader who wishes to go beyond the papers
compiled herein, there is also included a bibliography of publications on
atmosphere entry. Both the papers and bibliography have, however, been
limited by considerations of length to only a fraction of the many worthy
contributions made throughout the dozen or more years that atmosphere entry
has been a problem of high importance. If this book represents a proper
fraction of contributions, the credit must go in large measure to my colleague,
Nathaniel B, Cohen, whose efforts have been invaluable in compiling the
contents.
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v ~TUDY OF THE MOTION AND AERODYNANMIC HEATING OF BALLISTIC MISSILES ENTERING
THE EARTH’S ATMOSPIIERE AT HIGH SUPERSONIC SPEEDS !

By H. Jvnaw Aneex and AL J. Faorns, Jr.

SUMMARY

A implificd analysas ix made of the velocity and deceleration
Aitory of ballistic missdes entering the carth’s atmosphere al
L) .",}” ranie speeds. Tt s found that, in general the grarity
foree i vedigible comprred to the acrodynaniie drag foree and,
Fotece thal the trggectory ix essendially @ straight Une. A con-
st doay cocfficionl qnd an crponentidd variation of density with
@il vre assumed and geveralized eurees for the variation of
s lvde spoecd and deeelcralion vl altibwde are obiained. A
curients fireding is that the marimum deceleration isindependent
of plyccal clharacteristios of a missile (e. g., mass, size, and
deag evefitcicond) and i determined anty by entry speed and

Plilt-patlo megle procided this deeeleration ocenrs before impact.

The resrdts of the motion analysiz are employed to delermine
means apailable to the designer for minimizing aerodynamic
Lhoating.  Fmphasis is plaeed upon the conveetive-heating
problew dncluding not only the otal heat transfer but also the
mariniun arerage and local rates of heat transfer per it areq.
It s Jound that i @ missde is so heary as to be retarded only
stightly by verodynamic drag, irrespective of the magnitude of the
driag foree, thew convective heating is minimized by minimizing
the fotal shear force acting on the body.  This condition is
ackicred by employing shapes with a low pressure drag. On the
other hand, if « missile is so light as to be decelerated to rela-
tiechy dow speeds, even if acted wpon by low drag forees, then
cunrective heating is minimized by employing shapes with a
higk pressure drag, thereby marimizing the amount of heat
delicered to the atmosphere and minimizing the wmount detivered
tn the budy in the deceleration process.  DBlunt shapes appear

souperior {o slender shapes from the standpoint of haring lower

narrimui conrective heat-transfer rates in the region of the nose.
The marimum average Lheat-transfer rate per wnit area can be
reduced by employing either stender or blunt shapes rather than
shapes of intermediate slenderness.  Generally, the blunt shape
with high pressure drag would appear to offer considerable
promise of minimizing the heat transfer to missiles of the sizes,
weights, and speeds of wsual interest.
INTRODUCTION

For long-range ballistic trajectories one of the most diffi-
cult phases of flight the designer must cope with is the re-
entey into the earth’s atmosphere, wherein the acrodynamie
Leating associated with the high flight speeds is intense,
The air temperature in the boundary layer may reach values
i the tens of thousands of degrees Falirenheit which, com-

FSuprersedes NACA Teelmical Note 1047 by H, Judian Allen and A, J. Rerors, Jr., 1957,

bined with the high surface shear, promotes very great
convective heat transfer to the surface. TTent-ubsorboent
material must therefore he provided to prevent destruetion
of the essential elements of the missile. Tt is characteristie
of long-range rockets that {or every pound of material which
is carried to “hurn-out,” many pounds of fuel are required
in the booster to obtain the flight range. It is elear, there-
fore, that the amount of material added for protection from
excessive aerodynamice heating must be minimized in order
to keep the take-ofl weight to a practicable value. The
importance of reducing the heat transferred to the missile
to the least amount is thus evident.

For misziles designed to absorh the heat within the solid
surface of the missile shell, a factor which may be important,
in addition fo the total amount of heat transferred, is the
rate at which it is transferred since there is a maximum
rate al which the surface material can safely conduct the
heat within itsell.  An excessively high time rate of leat
input may promote such large temperature differences as
to cause spalling of the surface, and thus result in loss of
valuable heal-absorbent material, or even structural failure
as a result of stresses induced by the temperature gradients.

For missiles designed to absorb the heat with Tiquid
coolants (c. g., by transpiration cooling where the surface
heat-transfer rate is high, or by circulating liquid coolants
within the shell where the surface heat-transfer rate is
lower), the time rate of heat transfer is similarly of interes
since it determines the required liquid pumping rate.

“These heating problems, of course, have heen given con-
siderable study in eonnection with the design of particular
missiles, but these studies are very detailed in scope.  There
has been need for a generalized heating analysis intended to
show in the broad sense the means available for minimizing
the heating problems.  Wagner, reference 1, made a step
toward satisfying this need by developing a lnudably simple
motion analysis. This analysis was not generalized, how-
ever, since it was his purpose to study the motion and heat-
mg of a particular missile.

Tt is the purpose of this report to simplify and generalize
the analysis of the heating problem in order that the salient
features of this problem will he made clear so that suceessful
solutions of the problem will suggest themselves,

A motion analysis, having the basie character of Wagner's
approach, precedes the heating analysi¥.  The generalized
results of this analysis are of considerable interest in them-
selves and, accordingly, are treated in detail,

Reprinted from NACA Rep. 1381
pp. 1-16 (1958) By Permission
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ANALYSIS

MOTION OF THE BODY

Consider & body of mass m entering the atmosphere from
prent heighte If, at any ultitude y, the speed is 17 and the
angle of upproach is 0 to the horizontal (sce sketch), the

Impact peint (0,0)

parametric equations of mation can be written ?

Mo - - ---—.aa oo

dry T

7 AR T 1
arr_ CoelA e M
de2” 2m o

where

Cp drag coefficient, dimensionless

17 speed, ft/sce

A reference area for drag evaluation, sq ft
m  mass of the body, slugs

p mass density of the air, slugs/ft?
g acceleration of gravity, fi/sec?

ryy  horizontal and vertical distance from the point of im-
pact with the earth, ft

0 sugle between the flight path and the horizontal, deg
(See Appendix A for complete list of symbols.)

In general, the drag coefficient varies with Mach number
and Reynolds number, while the density and, to a very
minor extent, the geeeleration of gravity vary with altitude.
Henee it is clear that exact solution of these equations is
formidable. Let wus first, then, consider the following
simplificd case:

1. The body descends vertically.

2. The drag coeflicient is constant 3

3. The acceleration of gravity is constant.?

4. The density as a function of altitude is given by the
relation

p=p.e~ % (2)

where p, and 8 are constants, This relation is consistent
with the assumption of an isothermal atmosphere.

3 Properly, the analysis should conshder those effoets resulting from the fact that the earth
Is 8 rotating sphere, but sinee the altitude ranpe Jur which drag effects are important 3 less
than 1 gaereent of the radius of the earth, the rectilinear treatinent given in this analysis is
frtimissible,

1 Avis well known, this assumption Is generally of good ancenracy at the high Maech numbers
under constderation, ot Teastas long s the total drag Is largely pressure drag,

¢ The aceeleration of gravity deereases by only I percent for every 100,000-fuot Increase In
altitude.
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Iquations (1) then reduce to the single equation

CupA

-]
S € 1 (3)

Tl =—g-+

Noting that

we let.
Z=17

and cquation (3) becomes the linear differential equation

1Z_Copd

om0 )

which has the well-known solution

Crpy

[C"p“l-l Bvdy - [ i ¢ Budy
o m o . m
c 2

7 dy--const.

Performing the integrations, we obtain as the solution of
this relation

('nl’ A "
Cpo A A (e -e“"’)

. vy T Em e—bv =q . Am

A—‘ =g B n!_n

n=1

—2qy-}-const. (5)

so that the deceleration becomes, in terms of gravity accel-
eration,

C_Rp "1/1 e —51/)“

dv il
— CpeyA 2 z : Bm
£ _— v =By | — PO . A
._£,_=Q’_£"‘l e~ Pre Am ¢ 8 ﬂ'J_L
q 2myg =i

2gy-+const. | —1 )

As an esample, consider the vertical descent of a solid
iron sphere having a diameter of 1 foot. For a sphere the
drag cocflicient may be taken as unity, based on the frontal
area for all Mach numbers greater than about 1.4, In
equation (2), which deseribes the variation of density with
altitude, the constants should clearly be so chosen as to
give accurate valucs of the density over the range of altitudes
for which the deceleration is large. Tt is seen in figure 1
that for

. po=0.0034 slugs/ft?
and
__ 1 -1
5——@60‘ ft

which yields

v
- 7
p=0.0034 ¢ 200 @

the ealeulated density is in good agreement with the NACA
standard atmosphere values obtained from references 2and
3 for the altitude range from 20,000 to 180,000 feet.  These
relations have been used in caleulating the velocity and
deceleration of the sphere for various altitudes, assuming
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Froure 2.—Variations of velocity with altitude for a 1-foot diameter,
solid iron sphere cntering the earth’s atmosphere vertically at
velocities of 10,000, 20,000, and 30,000 {t/scc.

vertical entrance velocities of 10,000, 20,000, and 230,000 feot
per second at 40 miles altitude which, for fliese eases, may
be considered the “outer reach’ of the atmosphere.  The
results of these ealculations are presented as the solid curves
in figures 2 and 3.

It s seen in figure 3 that for the high entrance speeds con-
sidered, the decelerations reach large values compared to
the aceeleration of gravity,  This suggests that the gravily
term in equation (3) may be neglected without seriously
affecting the results® When this term is neglected the
equation of motion hecomes

AV AV Cup,d

av __yuy_ ~6v] "2
€
dt dy  2m ®
250 "
lf—ﬂ’:rO,OOO = lIncluding qrowity
———= Neglecting grovity
200+
o
5,\ 150 |
b'g
L
°
°
o
©
g 100}
[a)
50 -
-t
o] 150 200

Altitude, y, feet x 1072
Ticure 3.—-Variations of deceleration with altitude for a 1-foot

diameter, solid iron sphere entering the earth’s atmosphere vertically
at velocities of 10,000, 20,000, and 30,000 ft/scc.

Integration gives

or

V=const.Xe #"

At the altitude of 40 miles it can readily be shown that the

term
_E_Qeﬂ_d v
[

is very nearly unity so that the velocity may be written

_Cup.A —By -
V=Vge *" (9)

¥ It Is usual to neglect the gravity acceleration a prior! (seo . £, refs. 1 and 4.)
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and
dVv
a)r .. Cpo,d _
_fi.l.z(lp_""”_"': e fle w:;"" e (10)
g. 2mg o

where V' 1s the entrance speed.

By usc of equutions (9) and (10) the vertieal-descent speeds
and deeclerations for the 1-foot-dinmeter sphere previeusly
considered have been caleulated for the same entrance speeds.
The results are shown as the dashed curvesin figures 2 and 3.
It is seen that these approximate caleulations agree very well
with those based on the more complete equation of motion
(eq. (3)).

The above finding is important, for it indicates that in the
general case, wherein the body enters the atmosphere at
high speed at angle 8, to the horizontal, the gravity term,
provided 0g is not too small, may be neglected in equation
(1) to yield

&ty CrpVidsing,

dir 2m

(1)
dr _CppV zi €0os 0y
der 2m '

so that the flight path is essentially a straight line (. e,
6=0,), and the resultant deceleration equation becomes

AV CppAT?

dt 2m 12

Now, again, if the density relation given by equation (2) is
used and it is noted that

_dy
dt dV . dv
Jem 7 — =V —
v sines O dt Vsin 05 dy
equation (12) becomes
' V_ Copd _,
V= omsing; ¢ Y
which can be integrated to yicld
_—M. ey
‘721756 28m slnﬂ, (13)
and the deceleration is then
dVv
ay Cppod
_dt_CppAVg _, —ﬁ‘"’;' 14
g 2mg ¢ (14)

The altitude » at which the maximum deeeleration occurs
is found from this relation to be

y,==213- i G (15)

If y, 1s positive the velocity V7, (from eqs. (13) and (15)) at
which thie maximum deceleration occurs becomes

V=V 20617, (16)
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and the value of the maximum deceleration is

v A
— it) _._(1’1> _BVisin g,
G Jrar g/+  2g¢

If equations (13) and (14) are rewritten {o make the
altitude reference point yy rather than zero, then

(17)

oA awitan

and

Cpin, A At A

c_ﬁm sin 0 g

respeetively, where Ay is the change in altitude from .
Substitution of equation (15) into these expressions can
readily be shown fo give

hd 18

e—PAy
Tr=e T =F(BAy) (1s)
K
and
(v
N 0 Jou_ - psagtt-cton— I (Bay) (19)

),

Equations (18) and (19) are generalized expressions for veloe-
ity and deceleration for bodies of constant drag coeflicient
and, together with equations (15) and (17), can be used to
determine the variation of these quantities with altitude for
specific cases.  The dependence of F7 (8Ay) and F*7 (8Ay) on
BAy 1s shown in figure 4.

101 l
= i
- Figay)
2 gl f Bl
L —_ -
Y
* |
S Fifay)
= b LNy
Qx I \ |
Q.
= 2 - N
L .
~ L FUBAYTY
0 :
30 0. 20 30 40 50

BAy
Ficure 4.—Variations of F'(8Ay), F'’ (8Ay), and F''’ (8ay) with gAy.

The maximum deceleration and the velocity for maximum
deceleration as given by equations (17) and (16) apply only
if the altitude 3, given by equation (15}, is positive. Other-
wise the maximum deceleration in flight occur® at sea level
with the velocity (see eq. (13))

CpppA

V=V,= Vye #msinty

(20)
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HEATING OF THIE BODY

1t was noted previously that for practicable rocket missiles,
s s it that the weight of the missile be kept to a minimum.
The total Tieat transferred to a missile from the air must be
abaorbed by some “coolant” material. Sinee this material
Lee o omaximum alowable temperature, it follows that it
can areept only a given amount of heat per unit weight.
H.nee, the total heat input to the missile must be kept at a
pinimum for minimum missile weight.

OMien the coolant material is simply the shell of the missile
ared w2 sueh must provide the structural strength and rigidicy
for the misstle as wolll The strength of the structure is die-
tate:d, in part, by the stresses induced by temperature gradi-
e sts within the shelll Sinee these temperature gradients are
proportional to the time rute of heat input, the maximum
time rate of heut input is important in missile design.  The
Leating, of eourse, varies along the surface but, since the
<hell transmits heat along as well as through itsclf, the
streneth of the structure as a whole may be determined by
the maximum value of the average heat-(ransfer rafe over
the surface.  This is simply the maximum value of the time
rute of heat input per unit area. On the other hand, the
~tructural strength at loeal points on the surface may be de-
Germined primacily by the loeal rate of Licat input.  Hence,
the maximum time rate of heat input per unit area at the sur-
face element where the heat transfer is greatest may also be
of importance in design.

If liquid cooling is employed, the maximum surface heat-
transfer rates retain their significance but, now, in the sense
thut they dictate such requirements as maximum coolant
pumping rate, or perhaps shell porosity as well in the case of
transpiration cooling. Whichever the ease, in the analysis
to follow, these clements of the heating problem will be
treated:

1. The total heat input.

2. The maximum time rate of average heat input per unit
area.

3. The maximum time rate of local heat input per unit area.

Since it is the primary function of this report to study
means available to the missile designer to minimize the heat-
inz problem, the analysis is simplified to facilitate compari-
son of the relative heating of one missile with respect to
another —accurate determination of the absolute heating of
individual missiles is not attempted. With this point in
mind, the following assumptions, discussed in Appendix B,
are made:

I. Conveetive heat transfer predominates (i. e., radiation
cffeets are negligible).

2. Effeets of gascous imperfections may be neglected.

3. Shack-wave boundary-layer interaction may be ne-
plected,

4. Reynolds’ analogy is applicable.

5. The Prandt number is unity.

O
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Total heat input.-—The time rate of conveetive heat trans-
fer from the air to any clement of surface of the body may he
expressed by the well-known relation

where

17 heat transferred per unit area, ft-1b/ft?

I conveetive heat-transfer cocefficient 7{(;_“_) -
"1t? sec®R

T, recovery temperature, °R

Te temperature of the wall, °R

{ tinie, sec

and the subscript { denotes local conditions at any element of
the surface d8.

1t is convenient in part of this analysis to determine the
heating as a function of ultitude.  To this end, noting that

——dy_
dt= Vsiné,

we sce that equation (22) may be written

d_l_lz _Z'L(,Z_': _T'ﬁ 23)
dy Vsinég

With the assumption that the Prandtl number is unity, the
recovery temperature is

T=T, (1 175 M,’): T (1 +12 m)

where

M Mach number at the altitude y, dimensionless

v the ratio of specific heat at constant pressure to that
at constant volume, C,/C,, dimensionless

T static temperature at the altitude y, °R

so that

(T, T =T—Turk V5 AT

It 1s scen that for large values of the Mach number, which is
the case of principal interest, the third term is large com-
pared to reasonably allowable values of T—7,. Tt will
thercfore be assumed that 77— T, is negligible ¢ so that

(T~ T, =51 MT ©1)
Moreover, since
2
M T =
T a-ng
cquation (24) may be written
‘72
(T,~—T., oA (25)

8 It should be noted that without this assumption, the hoat®put determiniation would be
greatly complicated sitce the changing wall temperature with altitude would liave Lo be eon-
sidered Lo abtain the heat Inpuat {see e, g., ref, 1), For high-speed missiles which malntaln
high speed during drescent, the assumption Is obviously permissitile.  Even {or Liyh-speed
missiles which Anally deeclerate to low speeds, the assumption s generally still adequute
since the totsl heat input s Targely determined by the beat transfer during the high-speed
portlon ol flight.
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Now the loeal heat-transfer coeflicient X, i, by Reynolds’

analogy, for the assumed Prandtl number of unity
! : )
h‘=§ (_"“[’“p“ : 26)

whete (, is the Jocal skin-friction coeflicient based on con-
ditions py, V7, ete., just outside the boundary layer. Thus,
since (T,— T is essentially constant over the entire surface
S, the rate of total heat transfer with altitude becomes from
cquations (23) through (26)

dQ_ (dIl .
ay=Js o =T '%Wh J VudS
where @ is the heat transferred to the whole surface S. This
cquation may be written
2
Z,Q _Gre1S @n
Y 4 £in0,
wherein C,, is set equal to C, and
[ 1 P Vr
I RAGICHLE @5)

The parameter ' is termed “the equivalent friction coefMi-
cient,” and will be assumed constant,” independent of alti-
tude, again on the premise that relative rather than absolute
heating is of interest.  With equations (2) and (13}, then,
equation (27) is written

CppoAd Py

dQ_ C/Sp, Vi
dy ~  4sintg

—Bye—ﬂm sin 8¢

29)

Comparison of equation (20) with equation (14) shows that
the altitude rate of heat transfer is directly proportional to
the decclération, so that

AQdy___mg (/S
((11’/11_()_2 sin 05\ Cped
g

(30)

and therefore the maximum altitude rate of heal transfer
occurs at the altitude ¥, (see eq. (15)) and is given by

_BmV2 /0 S

(7). =iy
mar Ny e

It follows, of course, that the altitude rate of heat (ransfer
varies with incremental change in altitude from y; in the same
manner as deceleration, and thus (see eq. (19))

(d Q/rl Y ay
(dQ)dy)

Cod 31)

=F""(82y) (32)

? This assumption would appear poor at first glance sinee the Mach number and Reynnlds
number varfations are so large.  Analysis hus indicated, however, that the effects of Mach
nutnber and Reynokds pumber variatlon are nearly compstsating,  The variation in Cf fur
typleal eonfeal missiles was fHund to be, at most, ahout 5 pereent from the maximum C7' in
the altitude range In which 80 pireent of the heat s transferred,
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The total heat input to the body st impaet follows from equa-
tion {29) (integrating over the limits 0Sy< o) and 1s

_} ’(VI,S'
=4t

V7, (the velovity of body at y=:0), is

m ‘ ‘52 (I —¢ ﬁm \lrn By (.53}

The impact velocity,

(‘hf.
1v0 ‘ ¢ _ﬂm sin 0,

so that equation (33) may he written in the alternative form
C/SYN v+ 0 1ra
) =T

Maximum time rate of average heat input per unit area.- -
To determine the time rate of average heat transfer per unit

m
Q= (34)

aren, equations (25), (26, and (28) with cquation (22) may
be shown to give
dIT. .
RS VAR b 35
“dt (35)

which, together with equations (2) and (13), becomes at
altitude »

dt

The maximum time rate of average heat transfer per unit area
is found from this expression to be

’ 73
:C!_ng E C-Bye Qﬁlll\ill ﬂb

(36)

dri,, dIT, .
ar j— ar (. -
( dt ) ( dt ) Ge (’D.a) mVe sinly  (37)

and it occurs at the altitude

. _3CppA
=gl (26m sin 0 38)
where the velocity is

"vz: T”E c‘“zO.?Z ‘/vlg (39)

As with altitude rate of heat transfer,it can be shown that

(d[Ial/(“) Ay
(dH,.[dt).

—F"" (BAy) (40)

Equations (37), (38), and (39) apply if the altitude for maxi-
mum time rate of average heat transfer per unit area occurs
above sea level. If ., by cquation (38}, is negative, then
this rute occurs at sea level and is, from equation (36),

((I[I‘,C

Meaximum time rate of local heat input per unit area.—
The elemental surface which is subject Lo the greatest heat
transfer per unit area is, except in unusual cases, the tip of
the missile nose which first meets the air. Tt ®eems unlikely
that a pointed nose will be of practieal interest for high-speed
missiles since not only is the local heat-transfer rate ex-
ceedingly large in this case, but the capacity for heat reten-
tion is small.  Thus a truly pointed nose would burn away,

A

((IIIac) (’, pa" e zpmsin og (4])
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{huby shapes of interest for -high-speed missiles would more
l,,,.):ﬂhl.\', then, be these with Tose shnp.os having nearly
i cpseplrieal tips. The anm}'mg analysis applies at such
tijes

1t < well known that for any truly blunt body, the bow
ok wave is detached and there exists a stagnation point
At the tmse,  Consider conditions at this point and assume
14at the Toenl radius of curvature of the body is o (see sketeh),

Bow shock Wave

Stognation

stream'ine

The how shoek wave s normal to the stagnation streamline
stad canverts the supersonie flow ahead of the shoek to a low
subsonic speed flow at high static temperature downstream
of the shock.  Thus, it is suggested that conditions near the
~taguation point may be investigated by treating the nose
section as if it were a segment of a sphere In a subsonic flow
field,
The heat-transfer rate per unit arca atl the stagnation

point is given by the relation

dil,  Nulk (T.—T,)

T T e

where %, is the thermal conductivity of the gas at the re-
covery temperature (i. e., total temperature) 7, and Nu, is
the Nusselt number of the flow, If the flow is assumed to
be laminar and incompressible,® Nu, is given, according to
reference 5, by the relationship

Nu,=0.934Re,}* Pr¥

We retain the assumption that the Prandtl number is unity,
note that Re,=pVea/y,, and subslitute ecquation (25) into
cquation (42) to obtain

dH,
dt

Now it Is well known that at the high temperatures of
interest here, the coefficient of viscosity u, varies nearly as
the square root of the absolute temperature and is given by
the relation :

=231 X 10787}

I this expression is combined with equation (25) (neglect-
ing T), cquation (43) may then be written ?
dIl,

oo for
7,‘—6.8)(10 0-\/‘1 13 44)

=0.47\/P—L'ﬁ 1% 43)

———

¥ The assumption of constant density eortainly may Invalidate this analysis fer any quanti-
Lative study of the relatively “enld-wall” fluws of interest here,  For the purpase of studying
eelative heat transer it should, however, prove adequate,

¥ The ennstant In equation (44) Is oltained with the assumption of Incompressible flow in
he gtapnatlan region. The effrets of eomprissibility and dissoclation of the malecules of
alr In the rerlan tered 1o nerease the valoe of the constant by ns mtch as o factor 2 in the
#ie¢d ranze of interest in this report.  For the eomparative purpose of this repart 1t s un-
I Sessury U ke these effeets [nto arcount,

183427--55 2
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which, when combined with equations (2) and (13), becomes

— By 3Che A M
:zo.sxm»ﬁ\/& Ve e Bt (45)
a

dI,
dt

The maximum value of d77/dt can readily be shown o he

I, ((IH, 1
Wiy LYY 68 ~¢_ /PN S Up 16
( dt ),,,,,, dt /s 6.8X10 V 3cCpod (16)
which occurs at the altitude
=L (BCepet Y 7
y"—ﬂ {n m sin 0 S
corresponding fo the veloeity
V=V e 6208517, (18)

The manner in whicl the heat-transfer rate per unit area at
the stagnation point varies with ineremental change in alti-
tude from y; can be shown to be

J(1-eo2)

B3y
WL d0sy_ 3 e =F""" (8Ay) (49)

WD, €

The dependence of F'77 (8Ay) on Bay is shown in figure 4.

Equation (46) applics only if y; is above sca level. Tf g,
from equation (47), is negative, then the maximum heat-
transfer rate per unit area at the stagnation point occurs at
sea level and is

— _3CuA
({1[]‘ :(([II,.) :GSXIO‘G Po T’Ygae 28msin 85 (50)
dt Jmar dt J, 2
DISCUSSION
MOTION

The motion study shows some important features about
the high-speed descent of missiles through the atmosphere.
The major assumptions of this analysis were that the drag
cocflicient was constant and the density varied exponentially
with altitude. Tt was found that the deecleration due to
drag was generally large compared to the aceceleration of
gravity and, consequently, that the acceleration of gravity
could be neglected in the differential equations of motion.
The flight path was then seen to be a straight tine, the missile
maintaining the flight-path angle it had at entry to the
atmosphere.

TFor most missiles, the maximum deceleration will occur
at altitude.  One of the most interesting feutures of the
flight of such a missile is that the maximum deceleration is
independent of physical characteristies (such as mass, size,
and drag coeflicient of the missile), being dependent only on
the entry speed and flight-path angle (see eq. (17)). The
missile speed at maximum deceleration (eq. (16)) bears a
fixed relation to the entrance speed (61 percent of entrance
speed), while the corresponding altitude (eq. (15)) depends
on the physical characteristics and the flight-path angle but
not on the entrance speed. It is also notable that for a
given ineremental change in alutude from the altitude for
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arasinnnn deeeleration, the deceleration and speed bear
fiaed eatios to the maximum deceleration and the entry
~predl. respectively (see fig. 4 and eqs. (19) and (18)), hon("o,
thie decelerntion and speed variation with altitude ean readily
L determined.

I the missile i3 very heavy, the caleulated altitude for
weaxitant decelerntion feq (15)) may he fictitious (i, e.,
this altitude 15 negative) so the maximum deceleration in
ik, which oecurs just before impaet at sea level, is loss
tinn tiat ealeulated by equation (17) and is dependent on
the body characteristies as well as the entry speed and flight-
puath angle (see eq. (21)). However, the variation of speed
and deecleration with altitade from the fictitious altitude
given by equation (15) can still be obtuined from figure 4,

HEATING

Total heat input. -In the heating analysis, n number of
~tmplifying assumptions were made which should limit its
applicability to the determinntion of relative values of heat-
ing at hypersonic speeds. Tt s in this relative gense that the
following discussion pertains,

I conaidering the total heat transferred by convection
to a missile, it is evident from equation (33) that the course
the designer should take to obtain the least heating is
affected by the value of the factor

Copd

gm sin‘@;: B (51)

To illustrate, fiest consider the case of a “relatively
heavy” missile for which this factor is small compared to
mity (the term “relatively heave” is uzed to denote that
the denominator involving the mass is very large as compared
to the numerator involving the drag per unit dynamie
pressure, Cpely. Then

_ Coed

1—e Bamsin g

is small compared to 1. If this function is expanded in
series and only the leading term retained, equation (33)
bhecomes

<7 Sele

Q= 48 sin 05, (52)

For the relatively hicavy missile, then, the least heat will be
trunsferred when /8 is a minimum-—that is to say, when
the total shear foree acting on the body is a minimum.
This result is as would be expected, if one notes that requir-
ing B<<1 is tantamount to requiring the missile to be so
heavy that it is retarded only shghtly by acrodvnamic drag
inits motion through the atmosphere. Henee, the heat
input to the missile is simply proportional to the shear force.

Now let us consider the ease when B>>1, or, in other
words, when this missile is “relatively light.”  Tn this event,

Cpp, A

1—e¢ Bm sin 0,;,_\,1

and equation (31) can he approximated
1 . 'S

Q.’*:-4- ml ,,-2< ’l)
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For the velatively light missite, then, the least conveetive
heating is obtained when /87,1 is a minimum. This is
at first glance s rather surprising result, for it indieates
that the heating is reduced by increasing the total drag,
provided the equivalent frictional drag 15 not increased
proportionately as  fast.  Physically, this  anomaly s
resolved 3 the problem is viewed in the following way:
The missile entering the atmosphere has the kinelic energy
3 V72 but, if

_Cnﬂ.wl CIT w2
¢ Smsin 03:( "q)
Vi

is small, then nearly all its entrance kinetic energy is lost,
due to the action of aerodynamic forees, and must appear
as heating of both the atmosphere and the missile, The
fraction of the total heat which is given {o the missile s,
from equation (33),

(0
2\ (A

Thus, by keeping this ratio a minimum, as much as possible
of the energy is given (o the atmosphere and the missile
heating 1s therefore Teast.

In order to illustrate these considerations in greater detail,
calculations have been made using the previously developed
equations to determine the heat transferred by conveetion
to a serics of conical missiles.  Two classes of missiles have
been considered.  Missiles i the first elass were required
to have a base area of 10 square feet. Missiles in the
second class were required to have a volume of 16 cubie
feet.  Gross weights of 0, 1,000, 5,000, 10,000, and =
pounds have been assumed, and the entrance angle, 6g,
lias been taken as 30° of arc in all cases.  Missile heating,
up to the time of impact, has been caleulated as a funetion
of cone angle for entrance speeds of 10,000, 20,000, and 30,000
feet per second.  In these calculations the pressure drag
coeflicient was taken as constant for'a particular cone at the
value corresponding o the entrance Mach number (a value
of Tr=500° R was assumed throughout). These coeffi-
cients were determined from reference 6 for cone angles of
10° and greater.  Tor cone angles less than 10°, reference 7
was employed to determine these coefficients (base drag
was neglected in all cases).  The total drag cocflicient was
taken as the sum of the pressure drag coefficient plus the
skin-friction coeficient, the latter coeflicient being taken at
its value for maximum total heat-input rate with altitude.
The boundary layer was assumed to be wholly turbulent
since the Reynolds number, based on length of run along
the surface of a cone and local conditions just outside the
boundary layer, was always greater than about 63X 108 and,
in fact, was of the order of billions for the more slender cones.
Turbulent-boundary-layer data were obtained from refer-
cnces 8 and 9, and Satherland’s law for the variation of
viscosity with temperature was used in obtfining “cquiv-
alent flat-plate” heat-transfer cooflicients.

10 Note that even that it ull drag is friezional drag, only half the heat {5 transforred to
the body. The other half is eontained In the bound ary layer and is left in the air In the
body wake,
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MOTION AND HEANTING OF BALLINTIC MISSILES
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Fiaure 6.-~Convective heat transferred at impact to conical missiles of
same volume entering the earth’s atmosphere at an angle of 30° to
the horizontal and velocities of 10,000, 20,000, and 30,000 ft scc
10} (volume=16.34 cu ft).
Missile heating caleulated in this manner for the fixed-base-
. area and fixed-volume cones is presented in figures 5 and 6,
Missite weight = O Ibs . c s . T
I 1 1 ! 1 ) | ] ) respectively.  Curves for missiles having densities greater
0 20 40 50 80 100 than steel are considered improbable and are shown as
(c) Cone angle, degrees . . .
dashed Iines. Tt is clear that for both elasses of bodies, when
(a) Vp=10,000 ft/scc the missile is relatively heavy, the ogtimum solution is
Te= fs . . .
?c’)) I‘,“ gg'gggf[;j‘”’" obtained by making (/S as small as possible (small cone
;- . /rec . . . . . .
v B . £ . ) . angle case) and this optimum is accentuated with increase in
Fravre 5. —Convective heat transferred at impuetl to conical missiles V'l On tl her 1 1 1 t issile i3 relutively
of same area enfering the earth’s atimosphere at an angle of 30° 1o S.p(‘(( : u the ot '1(r -mn( ' \} tei the ml,\'r-l ‘ h,“,{f ety
the horizontal and velocitios of 16,000, 20,000, and 30,000 ft/«cc | lght, redueed heating is obtained by making ©/S/0,.1 as
(base area=: 10 sq f(). small as possible (the large cone angle case). Tt is noted
20
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also that, in general, the advantage of reduced heating of the
relatively light, blunt cones iz more pronounced in the fixed-
basc-aren ease than in the fixed-volume case. :
Maximum time rate of average heat input per unitarea.—-
1t was previously noted that the maximum time rate of
avernge heat input per unit area may be of serous importance
in determining the structural integrity of missiles entering
the atmosphere at high speeds.”™  In order to illustrate this
fuct, consider the case of a missile having a shell made of
solid materiel and assume that the rate of heat transfer per
unit area does not vary rapidly from one surface element to
the next.  Then the rate of teansfer of heat along the shell
will be small compared with the rate ot transfer through the
shell.  The shell stress duce to lieat transfer is that resulting
from the tendency toward differential expansion through the
shell and it is proportional to d 7, /dy where 7, is the tempera-
ture at any point 3 within the shell and n s measured per-
pendicular from  the shell surfuce. We define &, as the
thermal conductivity of the shell material; then the rate at

which heat transfers through the shell per unit areais by (d T,/

dn) and this must, at =0, equal the rate of heat input per
unit surface area. For the missile considered as a whele,
the maximum value of the average thermal stress in the shell
is a measure of the over-all structural integrity and the
maximum value of this stress will oceur at the surface when

dH, _1 (dQ
dt — S\t

is & maximum.

The course the designer should take to minimize the ther-
mal stress for the missile as a whole is dependent, as for the
case of total heat input, upon whether the missile is relatively
heavy or light. For the relatively heavy missile the value
of B, given by cquation (51), is small compared to unity.
The maximum value of the average thermal stress in this
case is proportional to (sec eq. (41))

(d]&) IVIAL
. 4

dt (54)

and, henee, the least average thermal stress is obtained by
making €,/ a minimum. On the other haud, for the rela-
tively light missile the maximum value of the average
thermal stress is proportional to (sce eq. (37))

(rl[],,,) ~<,CL’ )5][1 T sin 8
(lt 2”7 (‘1)11 114

and, henee, the least average thermal stress oceurs when
C//Cp s a minimum.

In order to illustrate these considerations in greater detail,
the maximum values of the time rate of average heat input per
unit area have been caleulated for the constant-base-arca and
the constant-volume cones previously discussed in the seetion
on total heat input.  These values were determined in much
the same manner as those of total heat input, with the exeep-
tion that '/ was evaluated at y, (rather than y,), given by
cquation (38) when it applies, and otherwise at y,=0. The

results are shown in figures 7 and 8. It is seen that the

(55)

' This {s the common case when the chell material aets as structural support and must
also transport or absorb the heat,
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Frevre 7.--Maximum average rate of convective heat transfer to
conical missiles of the same base area entering the earth’s atmosphere

at an angle of 30° to the horizontal and velocities of 10,000, 20,000,
and 30,000 ft/sec (base area==10 sq ft).

maximum values of average thermal stress are reduced for
both the slender cones and blunt cones as compared to the
relatively large values of this stress experienced by cones
of intermediate slenderness.

Maximum time rate of local heat input per unit area.—
Perhaps even more important than the maximum value of
the average shell stress 1s the maximum stress that oceurs
in the shell at the surface clement of the missile nose,®?
where the Jocal heat-transfer rate is probably the greatest,
for, in general, this latter stress is many times larger. In
fact, this rate of local heat input can be so large as to promote

1 1In this reporl we are coneerned only with bodies. I wings or stabillzers are used, thefr
feading cdges are similarly surfare clements which experlence tntense heat transfer.
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MOTION AND HEATING
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Ficrre 8.—~Maximum average rate of convective heat transfer to
conical missiles of the same volume entering the earth’s atmosphere
at an angle of 30° to the horizontal and velocities of 10,000, 20,000,
and 30,000 [t/sce (volume=16.34 cu ft).

temperature gradients through the shell that are intolerable
even with the most highly conductive materials (copper,
silver, ete.).®  Thus some additional means of cooling, such
as transpiration cooling, may, in any case, be required in
this r«-ginn.

It was stated previously that pointed-nose bodies are un-
desivable due, in part, to the fact that the local heat-transfer
mate per unit area at the tip is excessive.  The validity of this
statement is demonstrated by the results of the analysis.
113 elenr (see eq. (44)) that since the local transfer rate varies
inversely with the square root of the tip radius, not only
shonld pointed bodies be avoided, but the rounded nose

B PP

8 Zee auference 1 fot further discusslon.,

OF BALLISTIC MISSILES

should have as large a radius as possible.  The question
then arises; if the nose radius 1s arbitrarily fixed, what eourse
is available to the missile designer to minimize the problem of
local heating at the stagnation point?  From hoth equations
(46) and (50), it is seen that for an arbitrary nose radius, if
the mass, entry speed, and flight-path angle are fixed, then
the only way o reduce the stagnation rate of hent input
per unit area is to increase the product (510 In fact, o
relative stagnation-point heat-transfer rate per unit area, ¢
may be expressed in terms of B (see eq. (51)), if it is defined
as the ratio of the maximum stagnation-point heat-transfer
rale per unit area for a given missile to the maximum rate
the same missile would experience if it were infinitely heavy.
TFor the infinitely heavy missile, the maximum rate occurs
at sea level and is (see eq. (50))

wr1n-c  [Pe i
6.8X10 G-\/';' Ve

so that from cquation (50}

3Cpp, A

‘l’:e 28m sin 0,._-=e— 1 (56)

if the given missile also atlains its maximum rate at sea level
(i e., ¥2==0; eq. (47)); whereas

oy PG,

3o y3els

(57

if the given missile attains its maximum rate above sea level
(cq. (46), y; positive). The variation of ¢ with 1/B is shown
in figure 9. Clearly, the high pressure drag shape has the
advantage over the slender shape in this respect.

In order to illustrate these considerations in greater detail,
again consider the constant-hase-area and constant-volume
cones discussed earlicr.  Assume the pointed tips of all the

1.0

£ o ©
T T T

Retative heat-transfer factor, ¥

[N
T

]
Firoure 9.---Variation of relative heat-transfer factor ¢ with B
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canes are replaced by spherical tips of the same radius o,
The relntive effect of varying the cone angle on the stagna-
Lion-point heating ean than be assessed by determining the
varintion of the produet

e
\ ’ ([’ )lllﬂl

Thiz produet has been ealeulated for the various cones, as-
suming (7 to be unmaffeeted by the addition of the hemi-
spherical tip (the tip radius may be arbitrarily small), and
the results are shown in figures 10 and 11, 1t is scen again
thut the missiles having large cone angle (high drag co-
officient) are considerably superior.
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(b) 17 ,=20,000 ft/sec
(c) Vg=:30,000 ft/sec

Finvre 10.—Maximum rate of convective heat transfer to the stagna-
tion point of spherically tipped cones of the same base area entering
the earth’s atmosphere at an angle of 30° to the horizontal and
velocitics of 10,000, 20,000, und 30,000 ft/scc (basc area=:10 sq ft).
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Frcurr 11.—Maximum rate of convective heat transfer to the stagna-
tion point of spherically tipped cones of the same volume entering
the earth’s atmosphere at an angle of 30° {o the horizontal and
velocities of 10,000, 20,000, and 30,000 ft/sec (volume=16.34 cu ft).

DESIGN CONSIDERATIONS AND CONCLUDING REMARKS

In the foregoing analysis and discussion, two aspects of the
Lieating problem for missiles entering the atmosphere were
treated. The first concerned the total heat absorbed by the
missile and was related to the coolant required to prevent
its disintegration. It was found that if a missile were
relatively light, the least required weight of coolant (and
hence of missile) is obtained with a shape having a high
pressure drag cocfficient, that is to say, a blunt shape. Ou
the other hand, it was found that if the missile were relatively
heavy the least required weight of coolant, and hence of
missile, is obtained with a shape having a low skin-friction
drag coeflicient, that is to say, a long slender shape.

The second aspeet of the heating problen treated was
concerned with the rate of heat input, particularly with
regard to thermal shell stresses resulting therefrom. Tt was
seen that the maximum average heat-input rate and, hence,
maximum average thermal stress could be decreased by
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wsing either a blont or o slender missile, while missiles of
intermedinte slenderness were definitely to be avoided in
this connection.  The region of highest loeal hvat-transfer
rate and, lience, probably greatest thermal stress was
reasoned to be located at the forward tip of the nugsile in
most eases. This was assumed to he the case and it was
found that the magnitude of this stress was reduced hy
cuployving a shape having the largest permissible tip radius
ad over-all drag cocflicieut; that is to sav, the blaug, high
drag shape always appears {o have the advantage in this
respect.

These results provide us with rather ¢rude;, but useful,
bases for determining shapes of missiles entering the atmos-
phere which have minimized heat-transfer problems.  If
the over-all design considerations of pavlead, booster, ot al,
dictute that the re-entry missile he relatively heavy in the
sense of this report, then it may he most desitable (o mmake
this missile long and <lender, especially if the entey speed is
very high (say 20,000 ft sce or greater).  Perhaps the slender
conical shape i3 approprinte for such a missite. Tt seems
clear, 1oo, that the tip of this missile should be given the
largest practicable nose radius in order to minimize the
maximum local heatl-transfer rate and hence maximum local
shell stress problem. Even then it may be necessary {o
employ additional means 1o minimize the heat-transfer rate
and, hence, thermal stress encountered in this region (c. g.,
by transpiration cooling).

Let us now consider the case where the over-all design
conditions dictate that the re-entry missite be relatively
light in the sense of this report.  This case will be the more
usual one and, therefore, will be treated at greater length,

A shape which should warrant attention for such missile
application is the sphere, for it has the following advantages:

1. It is a high drag shape and the frictional drag is only
a few percent of the total drag,

2. Tt has the maximum volume for a given surface area.

3. The continuously curved surface is inherently stiff
and strong.

4. The large stagnation-point radius significantly assists
in reducing the maximum thermal stress in the
shell. '

5. Acrodynamic forces are not sensitive to attitude and,
hence, a sphere may need no stabilizing surfaces.

6. Because of this insensitivity to attitude, a sphere
may purposely be rotated slowly, and perhaps even
randomly ' during flight, in order to subject all
surface clements to about the same amount of
heating and thereby approach uniform shell
heating.

H Note that ¥if rotation Is permitted, slow, randam motion may be required in order to
prevent AMaznus freees from cansing deviatinn of the flight path from the target. Tt shoald
nles be nnted that at subsanie and low sapersonie speeds gnn-fired sphieres, presumably not
rlating, have shawn rather large Tateral motians In Might (sce ref. 10). Tt I3 not known
whether such beliavior ocenrs at high supersonic speeds.

AND UFATING
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On the other hand, the sphere, in common with other very

high drag shapes may be unacceptable if:
1. The low terminal speed eannot be permitted (e, g,
heeanse of excessive wind drift).
2. The magnitude of the maximum “decelerntion is
greater than ean be allowed,
The fiest of these disadvantages of the sphere mizht be
minimized by protruding a flow-separation-inducing spike
from the front of the sphere to reduce the drag coefficient
to roughly hall (zee ref. 11). Stabilization would now e
recuired but only to the extent required to counterbalunee
the moment produced by the spike.  Speeial provision would
hinve to he made for cooling the spike.

Both of the disadvantages of very high drag shapes may
however be alleviated by using variable geometry arrange-
ments. For example, an arrangement which sucgests itscelf
15 4 round-nosed shape with conieal afterbody of Jow apex
angle emploving an extensible skirt at the base. With the
shirt flared, the advantages of high drag are obtained during
the entry phase of flight where the nerodynamic heating is
intense.  Later, the skirt flare may be decreazed to vary the
drag so as to produce the desired deceleration and speed
history. If the deceleration is specified in the equation of
motion (sce motion analysis), the required variation of drag
cocflicient with altitude can be caleulated.

The examples considered, of course, are included only to
demonstrate some of the means the designer has at hand to
control and diminish the aerodynamic heating problem.
For simplicity, this problem has been treated, for the most
part, in a relative rather than abselute fashion. Tn any
final design, there is; elearly, no substitute Tor step-hy-step
or other more accurate calculation of both the motion and
acrodynamic heating of a missile.

Even from a qualitative point of view, a further word of
caution must be given coneerning the analysis of this paper.
In particular, throughout, we have neglected effects of
gascous imperfeetions (such as dissociation) and shock-wave
boundary-layer interaction on conveetive lieat transfer to
a missile, and of radiative heat transfer to or from the
missile.  One would not anticipate that these phenomena
would significantly alter the conclusions reached on the
relative merits of slender and blunt shapes from the stand-
point of heat transfer at entrance speeds at least up to about
10,000 feet per second. Tt cannot {acitly be assumed,
however, that thiz will he the case at higher entrance speeds
(sec Appendix B).  Accurate conclusions regarding the
dependence of heat transfer on shape for missiles entering
the atmosphere at extremely high supersonic speeds must
await the availability of more reliable data on the static and
dynamic properties of air at the high temperatures and
pressures that will be encountered.

AMEs AvroxavTican LanoraTonry
Natroxan Apvisory CoMMITTEE FOR AERONAUTICS
MorrerT Fienp, Cavrr., Apr. 28, 1958
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APPENDIX B

SIMPLIFYING ASSUMPTIONS IN THE CALCULATION OF AERODYNAMIC HEATING

As noted in the main body of the report, the healing

analvsis is simplificd by making the following assumptions:
1. Conveetive heat transfer 1 of Toremost importanee;

that is, radiative effects may be neglected.

2. Effects of gaseous imperfections, in particular dis-
sociation, may be neglected.

3. Effects of shock-wave boundary-layer interaction
may he neglected.

1. Revnolds’ analogy is applicable.
5. Prandtl number is unity.

The restrictions imposed by these assumptions will now be

considered in some detuil.

Ii assumption 1, two simplifications are involved; namely,
(1) radiation from the surface of the body is neglected, and
(2) radiation to the body from the high-temperature dis-
turbed air between the shock wave and the surface is neg-
Tected. The first simplification may be justified on the
premise that the maximum allowable surface temperature
will be about the same for one body as compared with
another, irrespective of shape, and, consequently, radiation
away from the surface will be approximately the same.
Henee, neglecting this form of heat transfer should not
appreciably change the relative Jwating which is of principal
interest in this paper.

The second simplification of ignoring radiative heat trans-
fer from tlie disturbed air to the body is not so casily treated.
At ordinary flight speeds this form of heat transfer is neg-
ligible since it is well established that at temperatures not
too different from ambient temperature, air is both a poor
radiator and a poor absorber. At the flight speeds of
intercst, temperatures in the tens of thousands of degrees
Fahrenheit may be easily obtained in the disburbed air flow,
especially about the heavier blunt bodies. At these temper-
atures it does not follow, a priori, that air is a poor radiator.
Data on the properties of air at tliese temperatures are
indeced meager. Hence, it is clear that calculations of
radiative heat transfer from air under these conditions must,
&t best, be qualitative.  Nevertheless, several such calculu-
tions have been made, assuming for lack of better informa-
tion that air behaves as a grey body radiator and that
Wein’s law may be used to relate the wave length at which
the maximum amount of radiation is emitted to the temper-
ature of the air (this assumption, in effect, enables low-
temperature data on the emissivity of air to be used in
calculating radiation at high temperatures). In these
caleulations effects of dissociation in reducing the temper-
ature of the disturbed air have also been neglected and
hence from this standpoint, at least, conservative (i. ¢., too
high) estimates of radiative heat transfer should evolve.
The results of these ealculations indicute the following: (1)

0)
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Radiative heat transfer from the disturbed air to the body
is of negligible importance compared to convective heat
transfer at entrance speeds in the neighborhood of, or less
than, 10,000 feet per second; (2) Radiative heat transfer, in
the case of relatively massive blunt bodies, may have to
be considered in heat-transfer ealeulations at entrance speeds
in the neighborhood of 20,000 feet per second; (3) Radiative
heat transfer, in the ease of relatively massive blunt bodies,
may be of comparable importance to conveetive heat transfer
al entrance speeds in the neighborhood of 30,000 feet per
second. From these results, we conclude, then, that the
negleet of radiative heat transfer from the disturbed air
to the bady is prabably permissible for all except, perhaps,
very blunt and heavy shapes at entrance speeds up to 20,000
feet per second.  Towever, this simplification may not be
permissible, especially in the case of heavy blunt bodies
entering the atmosphere at speeds in the neighborbood of, or
greater than, 30,000 feet per second.

In assumption 2, the neglect of effects of gascous imper-
fections, particularly dissociation, on convective heat transfer
would appear to be permissible at cutrance speeds up to

“and in the neighborhood of 10,000 feel per second, since at

such speeds the temperatures of the disturbed air are not
high enough for these imperfections to become significantly
manifest.  On the other hand, as the entrance speeds ap-
proach 20,000 feet per second, temperatures of the disturbed
air may casily exceed 10,000° Rankine, in which case appre-
ciable dissociation may be anticipated, inside the boundary
layer for all bodies, and inside and outside the boundary
layer in the case of blunt bodies. The magnitude of these
¢ffects is at present in some doubt (sce, c. g., the results
of refs. 12 and 13.) Hence, for the present, the neglect of
effects of gaseous imperfections on convective heat transfer
is not demonstrably permissible at entrance speeds in the
neighborhood of 20,000 feet per second or greater.

Tn assumption 3, it has been shiown by Lees and Probstein
(ref. 14), and more recently by Li and Nagamatsu (ref. 15),
that shock-wave boundary-layer interaction may siguifi-
cantly increase laminar skin-friction coeflicients on a flat
plate at zero incidence and Mach numbers in excess of about
10. Leos and Probstein found somewhat the opposite cffect
on heat-transfer rate in the case of weak interaction. Tt is
not now known how this phenomenon depends upon bedy
shape or type of boundary layer. However, it is reasonable
to anticipate that there will be some effect, and certainly if
the skin-friction coefficient is increased in order of magnitude
al Mach numbers approaching 20, as indjcated by the
results of Li and Nagamatsu for strong interaction, then
the phenomenon cannot be presumed negligible. IHence,
we conclude that from this standpoint, also, the convective
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APPENDIX A

SYMBOLS
reference area for drag evaluation, ft? 7,y
body factor, dimensionless
(Sce oq. (51).) 7

drag cocflicient, dimensionless

skin-friction coefficient based on conditions just
outside the boundary layer, dimensionless

equivalent skin-friction coeflicient, dimensionless
(See eq. (28).)

. -1t
specific heat at constunt pressure, ;l_f:Tg]gT{

specific heat ut constant volume b

P ' o "slug °R

functions of Ay, dimensionless
(Sce cgs. (18), (19), and (49).)
acecleration due to force of gravity

(takcn as 32,2 »f-t»!z)
sec

i : ft-1b
convective heat-transfer cocfficient, fZ sce R
: -1b
heat transferred per unit area, —“ﬂ,]?)
ft-1b

thermal conductivity, oo 0 R0

mass, slugs

Mach number, dimensionless

Nusselt number, dimensionless

Prandtl number, dimensionless

total heat transferred, ft-1b

Reynolds numiber, dimensionless

surface area, (2

temperature (ambient temperature of air at
altitude y unless otherwise specified), °R

time, sec

velocity, s?c

SR - - TR SR

lwrizontal and vertical distance from impact

point, ft
variable of integration fe
© ' sec?

constant in density—altitude relation, ft-?
(See eq. (2).)

ratio of specific lieat al constant pressure to
specific heat at constant volume, C,/C,
dimensionless

increment

distance within the shell measured normsl to
shell surface, ft

angle of flight path with respect to horizontal,
deg

cocfficient of absolute viscosity, slugs
ftsec
. .. slu )
air density, —“—sg
radius, ft

relative heat-transfer factor, dimensionless
(See cgs. (56) and (57).)

SUBSCRIPTS

conditions at sea level (y=0)

conditions at altitude y; (eq. (15))
conditions at altitude ¥, (eq. (38))
conditions at altitude y; (eq. (47))
conditions at entrance to earth’s atmosphere
local conditions

recovery conditions

stagnation conditions

wall conditions

conditions within the shell of the missile




-

kil

FITR

Y

3

ey

REPORT l381~~NA’I‘IO.\'AL.ADVISORY COMMITTEE FOR AERONAUTICS

heat-transfer caleulations of this report may be in error at
entrance speeds of the order of 20,000 feet per second or
greater.

The assumption that Reynolds’ analogy may be used to
relate skin-friction and heat-transfer coeflicient does not,
especially in the light of recent work by Rubesin (rel. 16),
scem out of Hine with the purposes of this paper, at least at
entrance speeds up to and in the neighborhood of 10,000
feet per second.  However, it does not follow, a priori, that
this assumption remains valid at substantinlly  higher
entrance speeds, especially in view of the imperfeet gas and
shock-wave boundary-Jayer-interaction effects already dis-
cussed.

The assumption of Prandil number cqual to unity would
also appear permissible for the analysis of relative heating
of missiles at the lower entrunce speeds considered here,
Iowever, in view of the questionable effect (see again refs.
12 and 13) of dissociation on Prandt] number, it 13 not clear
that this assumption is strictly valid at the intermiediate
and higher entrance speeds treated in this report.

From these considerations it is concluded that the stimpli-
fying assumptions made in the maid heat-transfer analysis
of this paper will not significantly influence the results at
entrance speeds in the neighborhood of or less than 10,000
feet per sccond. However, at entrance speeds in the
neighborhood of and greater than 20,000 feet per second,
these results must be viewed with skepticism.  More accu-
rate calculutions of heat transfer at these speeds must,
among other things, await more accurate determinations of
both the static and dynamic properties of air under these
circumstances,
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On the Corridor and Associated Trajectory Accuracy for
Entry of Manned Spacecrait into Planetary Atmospheres

By
Dean R.Chapman!
(With 10 Figures)
( Received June 18, 1959)

Abstract — Zusammenfassung — Résumé

-On the Corridor and Associafed Trajectory Accuracy tor Entry of Manned Spacecraft
info Planetary Atmospheres. An analysis has been developed which determines the
corridor through which manned spaceeraft must be guided in order to avoid ex-
cessive deceleration for human occupants and yet to encounter sufficient deceleration
for completing entry. The analysis introduces a dimensionless parameter coupling
the aerodynamic characteristics of the vehicle with certain planctary characteristics
evaluated at the perigee altitude corresponding to the approach conic trajectory.
This perigee parameter conveniently bridges the two-body orbit equations to the
re-entry motion equations, and provides a general basis for specifying the corridor
width for entries from either elliptic, parabolie, or hyperbolic approach trajectories.

" The results apply to vehicles of arbitrary weight, shape, and size entering a planetary

atmosphere. Illustrative calculations are presented for Earth, Venus, Mars, Jupiter,
and Titan.

It 1s shown that the altitude of an entry corridor depends strongly on the vehicle
weight, size, and drag coefficient, but that the corridor width between its overshoot
and undershoot boundaries is independent of these characteristies. For certain plancts
(Earth, Venus, Jupiter) the corridor width is much greater for vehicles with aero-
dynamic lift than for nonlifting vehicles, but for other planets (e.g., Mars, Titan)
acrodynamic lift cannot effectively broaden the entry corridor. For example. the
10-Earth-G corridor width for single-pass parabolic entry of a non-lifting vehicle
can be increased from 0 kilometers for Jupiter, 11 for Farth, and 13 for Venus, to
83, 82, and 83 kilometers, respectively, by employing a vehicle with a lift-drag ratio
»f 1; the corresponding corridor widths for Mars and Titan cannot be similarly in-
creased very much bevond the values of 650 and 2,200 kilometers, respectively,
corresponding to vehicles without lift. For any lift-drag ratio the corridor width
decreases rapidly as the entry velocity is increased {(e.g., for nonlifting vehicles entering
the carth’s atmosphere, the corridor decreases from about 290 kilometers wide at
circular velocity, to 11 at parabolic velocity, to 0 at hyperbolic velocities greater
than 1.8x circular).

The guidance requirements on accuracy of veloeity and flight-path angle as
determined by the corridor width are compared with the corresponding guidance
requirements for other technological missions such as those for putting a vehicle
into orbit, for hitting the moon from the earth, and for achieving intercontinental
ballistic missile accuracy.

! Aeronautical Research Scientist, National Acronautics and Space Administra-
tion, Ames Research Center, Moffett Field, California, U.S.A.

Reprinted from Proc. Xth Intern, Astronautical
Congress (Springer-Verlag, Vienna, 1960)
pp. 254-267 By Permission
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D. R. Cuarmax: On the Corridor and Associated Trajectory Accuracy

Uber die Genauigkeit von ,Korridor- und verwandten Tiahnen belm Eintritt
bemannier Raumfahrzeuge In Planetenatmosphiiren. In der vorliegenden Arbeit wird
eine Analyse zur Bestimmung des Korridors ausgefithet, durch den ein bemanntes
Raumfahrzeug gefithrt werden mufl, um ubermiflige Verzégerung fiie die mensch-
liche Bemannung zn vermeiden und trotzdem ausreichende Verzégerung fiir das
Gelingen des Eintritts in die Atmosphiire zu erreichen. Die Analyse fuhrt einen
dimensionslozen Parameter ein, der die acrodynamischen Kennzeichen des Raum-
fahrzeuges mit bestimmiten planetaren Charakteristiken verbindet, die bei der Hohe
des Perigiums ausgewertet werden, das der konischen Anniherungsbuhn entspricht.
Dieser Perigiumparameter verbindet in geeigneter Weise die Zwei-Korper-Bahn-
gleichungen mit den Bewegungsgleichungen fur den Wiedereintritt und schafft eine
allgemeine Grundlage fur die Feststellung der Korridorweite fiir die Rickkehr ent-
weder aus elliptischer bzw. parabolischer oder hyperbolischer Annitherungsbahn.
Die Ergebnisse beziehen sich auf Raumfuhrzeuge von willkurlich anzunehmendem
Gewicht, Gestalt und Grofle, die in eine Planctenatinosphiire eindringen. Tllustrative
Rechnungen werden fir die Frde, Venus, Mars, Jupiter und Titan angefihrt.

Es wird gezeigt, daBl die Hohe des Eintrittskorridors sehr von Gewicht, Grofle
und Widerstandskoeffizient des Fahrzeuges abhingen, daB aber die Korridorbreite
zwischen seinen obersten und untersten Grenzen unabhingig von diesen Kennzeichen
ist. Im Falle bestimmter Planeten (Erde, Venus, Jupiter) ist die Korridorbreite
viel groBer fir Fahrzeuge mit aerodynamischem Auftrich als fiir Fahrzeuge ohne
Auftrich, aber bei anderen Planeten (z. B. Mars, Titan) kann der aerodynamische
Auftrieh den FEintrittskorridor nicht wirksam verbreitern. Beispielsweise kann die
Korridorbreite von 10 irdischen g fir einen parabolischen EinpaBeintritt eines
auftricbslosen Fahrzeuges von 0 km fiir Jupiter, 11 fir die Erde und 13 fiir die Venus
auf 83, bzw. 82 und 83 ki erhoht werden, wenn ein Fahrzeug mit einem Auftrieb-
Widerstand-Verhiltnis von 1 verwendet wird. Die entsprechenden Korridorbreiten
fur Mars und Titan konnen nicht in ihnlicher Weise schr stark Gber die Werte von
650 bzw. 2200 km erhoht werden, welche auftriehslosen Fuhrzeugen entsprechen.
Fiir irgendein Auftrieb-Widerstand-Verhiiltnis nimmt die Korridorbreite schnell ab,
wenn die Eintrittsgeschwindigkeit vergroBert wird (z. B. nimmt fir auftricbslose
Fahrzeuge, welche in die Erdatmosphiire eintreten, der Korridor von ungefihr
290 ki Breite bei Kreisgeschwindigkeit auf 11 bei parabolischer Geschwindigkeit
und auf 0 bei hyperbolischen Geschwindigkeiten ab, die grofler als das 1,8fache der
Kreisbahngeschwindigkeit sind).

Dic Lenkungserfordernisse hinsichtlich der Genauigkeit von Geschwindigkeit und
Flugwegwinkel, wie sie durch die Korridorbreite bestinunt werden, werden mit
den entsprechenden Lenkungserfordernissen fur andere technologische Auftriige ver-
glichen, wie z. B. dem, ecin Fahrzeug in die Umlaufbahn zu bringen, von der Frde
aus den Mond zu treffen, und fir die Verwirklichung genauer interkontinentaler
ballistischer Geschossz.

Préclsion de la trajectoire et corridor de rentrée d’un astronel piloté dans une
atmosphére de plandte. Analyse du corridor dans lequel un astronef doit étre guidé
pour obtenir une décélération suffisante et cependant tolérable par les occupants.
Un parameétre sans dimension couple les caractéristiques aérodynamiques du véhicule
avec certaines caractéristiques planétaires évaludes au périgée de la conique d’approche.
Il assure la transition entre les équations du probléme des deux corps avee celles de
la trajectoire de rentrée et forme la base générale permettant de spéeifier la lurgeur
du corridor dans une approche du type elliptique, parabolique ou hyperbolique.
Les résultats sont applicables aux véhieules de forme, poids et dimensions arbitraires
pénétrant une atmosphére planétaire. Application numérique est faite pour la Terre,
YVenus, Mars, Jupiter et Titan,

Laltitude d’un corridor de rentrée dépend fortement du poids, des dimensions
et du cocfficient de trainée du véhicule. Mais la largeur du corridor est indépendante
de ces caractéristiques. Pour certaines planétes (Terre, Venus, Jupiter) cette largeur
est plus grande en présence de portance; pour d'autres (Mars, Titan) la portance ne
peut élargir appréciablement le corridor. Par exemple la largeur d'un corridor de
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10 g (terresires) pour une passe d'approche simple pnmbnliqur‘ peut passer de 0 kilo-
métres pour Jupiter, 11 pour la Terre et 13 pour \(mm A respectivement 83, 82 ef
83 par 'emploi d'un rapport portance/trainée de 1. Les largeurs correspondantes
pour Mars et Titan ne peuvent ¢re acerues sonsiblomont au dela des valeurs de
650 ct 2200 kilometres obtenues sans portance. Quel que soit le rapport portancef
/trainée la largeur décroit rapidement avee la vitesse d'approche. Par exemple pour
une npprochg sans portance dans 1'utmo<ph(“xo terrestre, elle déeroit de 290 kilo-
métres, & la vitesse orbitale, & 11, & la vitesse de libération, et 0 pour des vitesses
hy porlmhqum supéricures & 1,8 fois la vitesse arbitale.

La précision du guidage en vitesse et angles, déterminée par la largeur du corridor,
‘est comparde i celle roqmqe par d’autres performances telles que la mise en orbite,
la capture lunaire ¢t la précision balistique intercontinentale.

Introduction

Tt is generally anticipated that the first entry of a manned space vehicle into
the carth’s atmosphere will be from a near-circular orbit. Because of this the entry
problems of deceleration and heating have been studied for near-circular veloe-
ities much more than for supercircular velocities. In the hopefully near future,
entry at essentially parabolic velocity will be of practical concern (e.g., upon

return from a manned moon mis-

/ sion), as will be entry at hyperbolic
/_ EnTRY velocities in the more distant future.
CoRRIDCR One problem which is important
uNDERsHoOT Bownoary oI supercircular entries, yet is
relatively unimportant for near-

OVERSHOOT BOUNDARY

- - . 3 -
LT circular entries, is that associated
T00 MUCH - with the guidance requirements

DECELERATION

for avoiding excessive deceleration
or heating during entry. In terres-

‘ trial- flight of aireraft, an under-
E% C O\ shoot approach in landing is
\ easily corrected by a brief apph-

Fig. 1. Entry corridor for manned spacecraft cation of a small amount of power,

and an overshoot approach is easily
corrected by making a return pass. In space flight, undershoot or overshoot
approaches can also be corrected by analogous procedures, but the consequences
are much more severe. If a guidance error causes the spacceraft to undershoot
the intended trajectory too much, as illustrated by the inner two dashed trajec-
tories in Fig. 1, the vehicle will enter the atmosphere at an excessively steep angle
and experience cxcessive deceleration for human occupants. It would take a
relatively large amount of fucl to correct the trajectory once the vehicle is within
or near the planet’s atmosphere. If, at the other extreme, a guidance error results
in overshooting the intended trajectory too much, as illustrated by the outer
dashed trajectories in Fig. 1, then the vehicle will not encounter enough atmos-
phere for slowing .sufﬁm(*ntlv to complete entry, and will have to make a return
pass. Return passes not onl) would require additional traverses of any radiation
belt around the planet, but also would require in most cases an additional retro-
rocket thrust to complete entry in other than a large number of such passes.
After excluding approach trajectories representing overshoot and excessive under-
shoot (shaded portions in Fig. 1), all that is left for some planets is a meagerly
narrow corridor through which a spacecraft must be guided. The outer and inne®
boundaries of this single-pass entry corridor are referred to herein as the overshoot
and undershoot boundaries, respectively.

30

s e



i ity et 5

On the Corridor and Associated Trajectory Accuracy

N

This paper summarizes some results of a gencral study of the entry corridor
oo ) and its boundarics. Eutry guidance and acrodynamic heating proh]vms are consid-
T ered for spacecraft havnw various lift-drag ratios entering various planets at
S0 velocities between circular and twice circular veloeity. A more detailed account
of the research summarized hefein, including development of the mathematical
aspects of the analysis, may be found in {1]. The present paper attempts only to
deseribe certain results; essential cquations are stated and explained, but not
T derived. The results deseribed are based on severa! hundred solutions to a trans-
- : formed, nonlinear, differential equation representing entry motion in a planetary
] atmosphere.

Results and Discussion
Dimensionless Parameters Characterizing Entry

] Many of the symbols employed in characterizing mpercircular entries and in
: presenting results which follow are llustrated in Tl;, 2. A spacecraft of mass m
enters a planet’s atmosphere along the trajectory represented by the solid curve.
A This curve intercepts the ‘‘sensible atmosphere”  (oue

C at (i), at which point the flight-path angle is equal FERSEE @ ¥
to the “initial angle” y,. This angle conventionally is
emploved to characterize an entry motion but is
not employed herein. For shallow supersircular
entries which just graze an outer edge of atmosphere,
appropriate initial conditions are cumbersome to
specify because, at all points along that portion
of approach trajectory for which aerodynamic forces
arc negligible (that is, at points for which y> y),
3 the flight-path angle y, velocity ¥, and altitude Fig. 2. Sketch illustrating

E ’ y change continuously as the initial altitude y, is notation

1 approached. Morcover, the appropriate initial y, and

: y, are different for each vehicle and each approach angle. If the atmosphere
were not present and the spacecraft encountered no dmg, the vehicle would con-
tinue along a conic tl&j(‘(‘tOI‘V and pass through a perigee point designated in
Fig. 2 as the conic perigee. The actual entry trajectory does not pass through this
1 conic perigee point because it is diverted by acrodynamie forces. The velocity
V,. altitude y,. and flight-path angle (y, =0) at the conic perigee, however, are
unique and unchanging for all points along the approach trajectory; thus the
] conic perigee does not depend on where the sensible atmosphere begins. Primarily
for this reason, a parameter based on conditions at the conic perigec, and not on
1 ¥ is employed for convenience in characterizing supercircular entries.

:4 The mathematical basis for the significance of the particular perigee param-

sk e

eter F used throughout this report is not established herein (see [1]); it will
suffice to note that this parameter ean be applied to any exponential planctary
atmosphere and to vehicles of arbitrary weight, size and shape. The perigee param-
eter couples characteristics of the vehicle with characteristics of the atmosphere
at the conic perigee. It is defined as

- o (% /7'p °
Fy== z(mrc,,:) 1 ()

where 7 is the radius to the conie perigee altitude, o is the density at this altitude,
C,is the vehicle drag coefficient based upon a fixed reference arca A, and § is the
exponential decay parameter for the atmosphere defined by
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g, @

The parameter g is the reciprocal of the scale height of the atmosphere, and

is related to the characteristics of the atmosphere through the well-known equation

Mg

ﬂ = A (3)
Here M is the molecular weight of the atmosphere, T the temperature, R the
universal gas constant, and g the gravitational constant. The dimensionless initial
velocity used in presenting subsequent results is defined as

== T
Ve =t (4)

\Ngr
This has the physical significance that 17, = 1 represeuts cirenlar entry, 1<V, <
< V2 elliptic entry, 7,= V2 parabolic entry, and 17> v'2 hyperbolic entry.
For shallow entries T, is equal to T, the dimensionless velocity at conie perigee.
Three dimensionless parameters completely characterize any shallow super-
circular entry into a spherically symmetric, nonrotating, exponential atmosphere,
provided the aerodynamie coefficients are sensibly constant. One parameter is

the dimensionless initial velocity T7,: another is the perigee parameter F_. The
third dimensionless parameter combines certain characteristics of the planetary

atmosphere with the lift-drag ratio of the vehicle, and is equal to \"ﬂ;(L,"D).

It will be employed here in the normalized form \(Br)e (L/D). where the sub-
script @ designates a value relative to that for the earth, for example,

STAN \ar =
A% ([31)@ R i (-’))
AV ABY) Earta
These three dimensionless quantities determine the overshoot boundary of the
entry corridor, and also the undershoot boundary for any given value of the di-
mensionless maximum deceleration:

VILWne LiDE ©)

v B ,..g’""’_ .
go VB e V14 (LD)?

’"ld( =

The dimensionless deceleration ¢ is equal to 7, the deccleration in earth sea
level (s, only for entry into the earth’s atmosphere. Inasmuch as the entry
corridor width depends upon the maximum deceleration arbitrarily selected, it
follows from eq. (6) that the caleulation of corridor widths for varjous planets
requires a knowledge of g and V'(3r)g. Approximate values of these parameters
for different celestial objects of the solar system are listed in the following table
(also listed for later use are values of the altitude increment .,y over which the
density changes by a factor of 10):

Aoy for 10:1

Yo . v (,Ur)é‘ change in ¢, km
|
Venus .......... 0.87 1.0 14
Earth ........... 1.00 1.00 16
Mars ............ .38 47 42
Jupiter ... ... 2.6 2.0 ] 42 -
Titan ........... .22 .27 70
32
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In the calculations of aerodynamic heating, additional equations and plane-
tary constants would be needed. These ave given in [T]. The main qualitative
aspeets of the acrodynamic heating problem are discussed with the aid of two
simple eguations presented later.

Corridor Width

The entry corrider width can be caleulated readily from the distance between
the overshoot and undershoot boundaries on a plot. wherein log,q F, is used as
one of the coordinates. From the defining eq. (1), the corridor with ¥, —u»r .,
between conie perigee altitudes at overshoot and undershoot is simply

Yo,,— ¥»

vr un

Uy~ Up,, (FymiChd) |
e i

203 loty (FymiCpA), " 7

It follows that, if w/C', 4 is the same at overshoot and undershoot, then the
corridor width represented by an increment of one unit in log,, F is simply
equal to f 7. the quantity tabulated above.

The importance of guidance problems for supercircular entries, and the relative
unimportance for near circular entry, may be seen from the curves in Fig. 3
which show overshoot and undershoot
boundaries of the entry corridor as a ee oo Unoersnoor
function of the initial velocity. In the  zeo- Im
dimensionless  coordinates  employed,

these curves ecan be applied to any '®
planet. The spacing between values of ¥

logyo #, which represents a 100 km cor- ¢
ridor width in the earth’s atmosphere -

(for constant m/C, A) hasbeenindicated
for reference in Fig. 3. The curves apply |,
for the case \"(ﬂr)e L' -1, which
represents  LjD 1 for the carth's 19

IOOKM
- -
FORK EARTH

'

. 0 16 24 32
atmosphere (L/I) = — 1 along the LOG PERIGEE PARAMETER, LOGig Fp
overshoot h(mnd;\ry. and ]J““]‘) = ] Fig. 3. Effeet of initial veloeity on overshoot and
along undershoot boundary). Curves undershoat boundaries of entry corridor

O . - :

for other lift-drag ratins show exactly

the same trends, namely, a pronounced decrease in the corridor width (proportional
to the spacing between the overshoot boundary and the undershoot boundary
in Fig. 3) as the entry velocity is increased. Tn the case of ¢ =5, for example,
the corridor width for parabolic entry (17, =\'2) is only about 1/13th as wide
as for circular entry, and for hyperbolic entry at ¥V, =2.0, is only a few percent
of the corresponding width for cireular entry.

Although the curves in Fig. 3 are designated as applying to a fixed value of
\N(pr)g LiD, the L'D need not be held constant during an entire entry. At
overshoot LD would have to be constant only until the point of local ecircular
velocity is reached, and at undershoot, only until the point of maximum deceler-
ation is reached. Bevond these points LD could be varied and the curves would
still apply.

One qualitative result evident from a study of the three different undershoot
boundaries shown in Fig. 3. concerns the influence of the arbitrarily selected
maximum deceleration on the corridor width. The corridor width for ¢ - 10

17
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j« approximately twice that for 7, =5, and likewisce the corridor width for @, . -
~ 20 is about {wiee that for 7, 10, This rough proportionality of corridor
width to G, applies throughout the range of entry velocities considered in Fig. 3.
but it applics only to vehicles with substantial lift-drag ratios, that is, with lift
drag ratios such that \’(7313; L:D_-0.5 approximately (see {1]). For vehicles
without Tift the corvidor widths are not even approximately proportional to the

value of 2 for example, the values of (yp,,—yr,, )0 oy for G, of 5, 10, and 20
are 0, 0.7, and 2.0, respeetively. Nonlifting vehieles do exhibit, however, the same
trend of decreasing corridor width with increasing entry velocity as exhibited
by lifting vehicles; for example, the vadues of (e, —wr.) Loy with @ =10
are 18, 0.7, and 0, for 17, 0f 1.0, T4 and 1S, respeetively. The corresponding eorri-
dor widths for entry into Earth (1, # 16 km). for example. would decrease from
- 200kmat =1 tollat 1, 1.4, to
- 0 at T, - 1.8, These values apply to
the case where m /(7 ol is the same

at overshoot as at undershoot.

The results just discussed, illus-
trating how the corridor shrinks as
the entry velocity increases and
broadens as the permissible deceler-
ation increases. are understandable
from simple physical considerations.
The results to be presented shortly
concerning the influence of positive
Fig. 4. Lowcring the undershoot houndary by means and 11(‘{_’:\“\'(‘ I‘A‘D on the corridor
' of positive avrodynamic Titt boundaries, however, are less casily
understood  without some simple
physical explanation. Consequently, hefore presenting additional mathematical
results in terms of dimensionless parameters. a simple physical explanation will be
outlined. Tn Fig. 4. two entries are depicted. one without lift and one with positive
Jift. Tn both cases the entry corresponds to that along the undershoot boundary
and results in the same maximum deceleration. The dotted lines represent what
the trajectories would have been had there been no acrodynamic force; they
pass through their respective conie perigee points corresponding to the undershoot
boundary. The nonlifting vehicle deséends in a smooth monotonic fashion, experi-
encing its maximum deceleration at the point indicated. The lifting vehicle has
the same value of m’C, 4, but, as it enters the atmosphere. the transverse lifting
force deflects the trajectory away from the planet’s center. Maximum deceleration
is experienced at roughly the same altitude as for the nonlifting vehicle, even
though the lifting vehicle enters at a much steeper angle and would pass through
a conic perigee much closer to the planet’s center. Once the vehicle passes the
point of maximum deceleration it would skip out of the atmosphere if the LD
were held constant. Consequently. in order to avoid this skip and complete entry
on the first pass, L'D must he reduced essentially to 0. and in some cases to small
negative values, shortly after experiencing maximum deceleration (a mathemati-
cal demonstration of this has heen given by Lees. Hartwic, and Coney in [2]).
A reduction in LD can be acenmplished either by reducing the angle of attack a
of « lifting surface if the vehicle is operating in the low-drag portion of its drag

polar. or by inereasing a if operating in tha high-drag portion. The latter, ov high-e
drag mode of reducing L ) is preferable hecause it results in much less aerodynam-
ic heating. Hence the reduction in LD in Fig. 4 is represented by an inerease

(=]
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in angle of attack of the lifting surface just following the point of maximum
deceleration. After the vehicle has slowed substantially in this high-drag attitude
of small lift-drag ratio. it can then begin to reduce its angle of attack, thereby
increasing the lift-drag ratio and entering into an extended terminal glide phase,
as represented by the Jast attitude sketehed for the lifting vehicle. By the use of
1ift in this manner the undershoot boundary for entry into certain planets can be
lowered considerably from that for

nonlifting  vehicles, as  will be  OVERSHOOT CONIC PERIGEE
evident subsequently.

In addition to the capability of
lowering the undershout boundary
of the corridor. the judicious use of
acrodynamie lift can also raise the
overshoot boundary. In this case,
however, the dircetion of application
of the Iift foree with respect to the
planet’s center must be inverted.
This is Jlustrated by the sketehes in
Fig. 5. The three trajectories shown
are intended torepresent those of the
overshoot boundary in each case.
At overshoot aerodynamic forees are
relatively  small and the actual
trajectory will pass only a small distance below the conic perigee point, as
illustrated by each of the three trajectories in Fig. 5. The nonlifting. projectilelike
configuration has the lowest perigee altitude of the three. I this nonlifting
vehicle aimed at a conie perigee
altitude which was slightly higher

Fig. 5. Raising the overshoot houndary by means of
negative acrodynamic lift or drag device

4" oveRrswooT . UNDERSHOOT —___,
7 3 /

than that of the overshoot ’ CONSTANT™ //
boundary, the vehicle would - . L0 /

pass through an outer ecdge of Es] ”lvARIABLE L0
atmosphere, exit from the atmos- o0 soKkm ,# WITH Cp CONSTANT
phere, orbit, and then have to - CCRRIGOR ,"

make a return pass in order to FOR EARTH e

complete entry. If the vehicle . . 60 ,/”

aimed at any perigee altitude | -~

lower than that for overshoot, -0

entry would he completed on the o e U S )

o] 2 4 [ 8 10 12
LOG PERIGEE PARAMETER, LOG;p Fp

first pass. A vehicle with acro-
dynamic kft can aim at a higher
conic perigee altitude. as illustra-
ted by the middle trajectory in Fig. 5 and still complete entry in a single pass,
provided the aerodynamic lift ix directed toward the planet’s center (negative
lift). This upward extension of the overshoot houndary through the application
of negative lift is not really large. however, hecause there is not much atmosphere
at the higher altitudes to work with in deflecting the vehicle’s path. As we will
see later, the overshoot boundary can be extended upward to a considerably
greater degree by the use of a light, high-drag device, than by the use of negative
aerodynamic lift. Thix is indicated schematically by the outer trajectory in Fig. 5.
The drag device may be thought of as consisting of metallic cloth fabricated from
very thin threads of a high-temperature alloy, and as being deployed over as
large an arca normal to the direction of flight as is practical. In this way the drag

Fiyg. 6. Effeet of lift-drag ratio on parabolic entry corridor
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chute encounters a sufficient mass of air to complete entry in a single pass even
though it aims at a mach higher conie perigee altitude than the other vehicles,

The trends anticipated from the foregoing physical considerations are illustra-
ted by the curves representing overshoot*and undershoot on a plot of the dimen-
sionless lift-drag parameter \'(3r)g L'D" versus the perigee parameter log,, F,.
as presented in Fig. 6. The solid undershoot boundary corresponds to constant
LD only up to maximwm deceleration. and the dotted boundary (discussed later),
corresponds to a variable LD with the initial LD at entry equal to that plotted
as the ordinate. Since the drag coefficient usnally is referred to a fixed reference
area of a fixed mass, it follows fram eq. (7) that the corridor width in such cases is

2 r
y”ar - _?/I’,,,,: li) I/I]“rli) ) o ]”}1(0‘ ) . (S)
1; wn I [or
. . . ST . .

This equation shows that, for any given value of v(jir}g L/D, the corridor
width is proportional to the spacing hetween the overshoot and undershoot
boundaries in Fig. 6, provided (', is the same at these two boundaries. The refer-
ence arrows indicate what would he a 90 km corridor for the carth’s atmosphere.
The undershoot boundary in this particular plot represents @, — 10 and the

maz
initial velocity represents parabolic entry, As is evident from this figure, the
corridor width for lifting vehicles is considerably broader than for nonlifting ones
having the same €. Tor the earth’s atmosphere the corridor width would be
10 km for all nnnhfluw vehieles, irrespective of the value of w07, A (as Tong as it
is the same at llll(l(‘!\h()()( and m'm\lmnt) The use of n('g(mve hﬁ to extend the
overshoot houndary toward smaller values of F (corresponding to smaller densi-
ties and higher altitudes) noadens the earth’s corridor hy only about 20 km. The
use of positive lift to extend the undershoot boundary to higher values of F_ is
seen to be about three times as effective, resulting in an extension of about 60 km
for the undershoot limit. The total corridor width, with positive lift used to extend
downward the undershoot boundary, and negative lift to extend upward the

overshoot boundary, is seen to be a maximum of about 90 km at \ ﬁr)e, LiD
of about 2. The corridor for A’ (ﬁr)@ ‘LD - 1is alimost as wide as the maximum
width, and for \'(3r)g 'L/ - 0.5 is about 2/3 as wide as the maximum width.

It is emphasized that the variation in spacing between the corridor boundaries
with varying L/D in Fig. 6 is representative of the actual variation in corridor
width only if €', is the same for all L/D’s. The corridor width. according to
eq. (R), really depends on the difference in log F [C, for vehicles of fixed m and
A. With any aerodynamic deviee (7, is always coupled to L/D; large LiD's in
hypersonie Newtonian flow. for example. are obtained only with slender configu-
rations having small €, whercas large )’s are obtained with blunt configu-
rations having small L;D. If the nerodynamic coupling between L/ and C, is
taken as that corresponding to Iifting surfaces wherein both L/D and C, are
changed by varying the angle of attack, then the actual overshoot extension
attains a maximum at L'I)s of ahout —0.53, and amounts to about 10 kmm for
Earth. This is one half of the extension possible if €, could he maintained the
same for L/D —2 as for LD 0.

Extending overshoot by applyving negative lift is less effeetive than increasing
drag. By keeping L' 0, for example, and deploving a light high-drag device,
m/ (', 4 can he changed by a factor of abont 1000, which (‘orrospmlds to an cx#
telmon upward of the overshoot boundary by 3.f,,7. which is about 50 km for
the carth’s atmosphere. This is five times the extension possible if negative lift
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were employed, and is comparable to the 60 km extension in undershoot houndary
provided by positive lift with constant £/ and €.

When the aerodynamic conupling between LD and €, for lifting surfaces is
considered, the actual lowering of the undershoot boundary by use of positive
L{D is somewhat greater than the apparent trend of the solid boundary in Fig. 6
would suggest. At LD =2 the 60 km apparent extension would really he about
80 km.

The dotted undershoot boundary in Fig. 6 labeled “variable L/ D with constant
C,” represents entry with an initial L/ corresponding to the value plotted, and
with 1ift modulated in a particular fashion which keeps both ¢ and (7, constant
during the modulation period, in which the lLift force is reduced to alleviate the
resultant deceleration. Thix dotted curve showing the greatest apparent extension
in the undershoot houndary with increasing LD, is based on the original analysis
of modulated lift given by Lres, Harrwrc, and Conex in [2]. It ix applicable
only {o the earth’s atmosphere. In ovder {o realize this desirable extension in
undershoot, 7, would have to be maintained substantially ‘constant (or decreased)
during the lift modulation period when L) is reduced from its initial value at
entry to essentially zero. If L/D is reduced by increasing the angle of attack of
a lifting surface operating in the high-drag range of the drag polar, then €,
increases markedly in the process and thereby increases the horizontal component
of deceleration more than the deerease in L/ alleviates the transverse component,
so that no net gain is achieved. If, on the other hand, ;D is reduced by decreasing
a of a lifting surface operating in the low-drag portion of the drag polar, then
C}, is reduced moderately, and the apparent extension represented by the dotted
undershoot boundary can be fully realized. A complication arises, however.
Sizable extensions in corridor width over that for constant L/]) are possible only
with relatively large L/ which have small €, and, for the low-drag portion of
a polar, result in a large heating penalty. The aerodynamic heating can be one to
two orders of magnitude greater under these conditions than for operation
in the high-drag portion with a small, constant L/D.

Aerodynamic Heating

It is unfortunate that vehicles cannot be designed with large lift-drag ratios
(the order of 4, say) and simultaneously large drag coefficients. Large L/D is
desirable in order to maximize the entry corridor width and large €, is desirable
in order to minimize the aerodynamic heating. As a lifting vehicle changes its
attitude within the high-drag regime from essentially normal entry with /D=0
and maximum C, (as indicated by the configuration sketched in the lower left
portion of Fig. 7), through progressively smaller angles of attack producing higher
lift-drag ratios, the effective slenderness of the configuration necessarily changes,
and (', decreases. Since laminar convective heating varies as ¢/, %%, and turbulent
conveetive heating as €798 (see [3] and [1], for example), a reduction in C,
brought ahout by the use of larger L/D ratios would result in an increase in
aerodynamic heating for both types of convection. This is illustrated by the two
curves in Fig. 7 which represent heating for lifting surfaces. These curves are
normalized with respect to the amount of heating for the maximum drag attitude
at L/D - 0. Depending on the relative amount of laminar and turbulent flow, a
slender vehicle designed to produce L/D =3, for example, would have between
about 6 and 16 times as severe a heating problem as a blunt vehicle designed to
produce no lift. In any practical case the beneficial effect of employing lifting
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vehicles to broaden the entry corridor would have to be tempered by its adverse
effect on aerodynamic heating. For LjI)'s of 0.5 to 1, this penalty does not appear
{o be too severe, and within this range the trade-off between a broadened corridor
and a more severe heating problem would favor the lifting vehicle over the non-

lifting one. For larger L/D's the trade-off is much more difficult {fo assess.
In  discussing the aero-

HEATING dynamic heating problem asso-
ciated with the entry corridor,

sl o~¢§ a distinction must be made
TURBULENT between the total heat absorbed

oS during entry and the rate at
Yo which it is absorbed, For an

ar LAMINAR

: ablation-type heat shield, the
R total heat absorbed is of principal
i importance, but for a radiation-
cooled  vehiele, the maximum
\ — L/D rate of heating is important. The
e [ =~JI  type of heating problem which

exists at the overshoot boundary

Fig. 7. Increaso in convective heating with increasing L/D i< different from that at the

undershoot boundary, as may

be deduced from a general relationship between aerodynamic heating and

deceleration discussed in [1]. This qualitative relationship for the maximum rate
of laminar heating states that

= -

W max

49~

and, for the total laminar heat absorbed, that

1
Q h ‘\/Gmea;i )

In view of this relationship we see that the total heat absorbed will be much less
at the undershoot boundary where the deceleration is large than at the overshoot
boundary where it is small. A typical variation within the carth-atmosphere
corridor is that the decelerations are about nine times as large at the 10-G under-
shoot boundary as at overshoot, so that the total laminar heat absorbed at this
undershoot boundary is about one third of that at overshoot. The maximum
heating rates, however, follow an opposite relationship. They are largest at under-
shoot where decelerations are maximum, and smallest at overshoot where deceler-
ations are minimum. A study of the approximate numerical values involved
[1)indicates the situation to be about as follows: At undershoot where the heating
rate is relatively large, pure radiation cooling for parabolic entry into the earth’s
atmosphere is currently impractical, but the total heat absorbed is within practi-
cal bounds of present heat absorption technigues. At overshoot, on the other hand,
where the heating rate is relatively small, pure radiation cooling is practical, but
the total heat absorbed is about three times that at undershoot. For efficient
heat protection of spacecraft, therefore, it is desirable to develop versatile shields
which can radiate cfficiently if the vehicle happens to enter near overshoot,

ablate efficiently if it enters near undershoot, and blend these functions efficiently o

if it enters anywhere in between.
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On the Corridor and Associated Trajectary Accuracy

Guidance Requirements

In order to provide a visual picture of the wide variation in entry corridors of
different planets in the solar system, and of the corresponding wide variation in
guidance requirements, the sketches in Figs. 8 and 9 have been prepared, These
sketches are approximately to scale showing each entry corridor in proper pro-
portion to the diameter of its parent planet (or parent celestial satellite in the
case of Titan). The corridors for Earth and Venus are sufficiently similar that they
have been represented by a single sketeh in Fig. 8. The actual width of the corridor
for the particular conditions considered (V,=14, G,,, =20, and |[L/D|=1)
varies from about 170 km at r/ry~1 to about 400 km at r/ro==4. This corridor

/ .
-~ —
—-—
—-—

Ll
s -
-—

0
TITAN o
JUPITER
Fig. 8. Parabolic entry corridors for Farth, Fig. 9. Parabolic entry corridors for Jupiter
Venus, and Mars; Gp,; = 20 and Titan; G,,,; = 20

appears to be mneither impractically narrow nor pleasingly broad. It is much
narrower, though, than the corresponding corridor for Mars, also shown in Fig. 8.
The Mars corridor would not be expected to impose a really severe guidance
problem. For such broad corridors, the entry angle at undershoot is sufficiently
steep (47° for Mars) that acrodynamie lift is not effective in broadening the corri-
dor; hence LD is taken as zero for such corridors. Corridor widths calculated for
nonlifting entry into Mars are 340 km for G,,, =35, 650 km for @, =10, and
2,000 km for G,,, =20. These values include an allowance of 130 km for the over-
shoot altitude.

The corresponding parabolic entry corridors for Jupiter and Titan, as sketched
in Fig. 9, illustrate the very wide variations encompassed by different objects
in the solar system. The corridor for Jupiter is so narrow that it is difficult to
illustrate by other than a relatively narrow line. At the opposite extreme, the
corridor for Titan is so broad that it includes all possible trajectories which would
“hit” this satellite. Even direct vertical entry into Titan’s atmosphere at V,=V/2
would result only in G ~5. .

In order to determine the trajectory which passes along the center of an
entry corridor it would be necessary to make precise three-dimensional orbit
calculations giving full consideration to a number of perturbations, such as those
due to planetary oblateness, the sun, moon, and perhaps other planets. In cal-
culating the small deviations permissible from this desired centerline trajectory,
however, the effects of the perturbations on these deviations will be disregarded,
and the entry guidance tolerances calculated as those of a two-body problem.
This procedure appears reasonable inasmuch as the terminal correction to an
entry approach would presumably be made relatively near the target planet

where the trajectory is mainly in one plane and is essentially a conic trajectory. o
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Guidance {olerances imposed by different parabolic entry corridors ean vary
widely, as illustrated in Fig. 10, Here the ordinate represents the permissible
deviation in flight-path angle Iy from that of the eenterline trajectory which
bisects the overshoot and undershoot boundaries at any given distance r/r,.
These ealeulations are hased on the assumption that there are no errors in veloe-
ity or position. The maximum deceleration is taken as 106 for these curves.
As would be expected, the more distant a spacecraft is from the planct, the more
severe the requirement is for aligning n trajectory to pass through the entry corri-
dor. At distances close to the planet the required aceuracy on 5[5 is leaxt, hut
the fuel which would have to be expended in making corrections close to the planet

1237 is. much larger than at distances

A

£ far  removed  from  the  planet.
/', Henceo the best place to make
' such corrections would be at some
mtermediate distance. The range
1-2r/ry-2 100 covered in TFig. 1o
would scem to encompass the range
of practical inferest.

For purposes of  comparizon,
three technological guidance require-
ments on -+ 1y (which also are cal-
culated under the assmiption that
there are no errors in velocity) are
shown in Fig. 10 just to the right of
the rfry 100 line. These corre-
spond to typical requirements for orbiting an earth <atellite, for hitting the moon
from the carth. and for aligning the azimuthal angle of an 1CBM to achicve a miss
distance of 1/5000 of the range. As would be expected. the requirements on
4.4y to enter the corridor of Titan are not very severe, and are even much less
severe than the comparison gnidance requirement on 2hyof approximately
2% to eject a satellite into orbit around the carth. The corresponding requirements
for Mars are seen to be considerably less severe than the comparison requirement
of about £ 0.25 for hitting the moon from the carth (see [4]). The corresponding
requirements for Venus and Earth are seen to he somewhat less severe than the
comparison ICBM requirement.

It is to be noted that the approximate requirements on = 15 discussed above
are based on the unrealistic assumption that no errors in velocity exist. When
simultaneous velocity and position errors are considered, the practical require-
ments on .1y for guiding a vehicle through an entry corridor would he several
times as severe as those illustrated in Fig. 10. Since the corridor widths are speci-
fied in terms of the difference in conie perigee altitudes. it is an casy matter to
compute the approximate permissible errors in velocity and position, as well as
in flight path angle. from the well-known Newtonian equations for two-body
orbits. It may suffice here, perhaps. to observe that the study of velocity toler-
ances in reference 1 for parabolic entry into the corridor of Earth or Venus
indicates £ AV/V (for no error in ) to be about 0.003. which is a Jess severe
requirement than the corresponding velocity tolerance of 0.001 for hitting the
moon from the earth [4].

For further comparizon purposes, three nontechnologieal, but equally illumi-
nating guidance requirements on A% are included in the right-hand portion of
Fig. 10. These may serve to place the corresponding technological requirements
in more balanced perspective. Thus, entry into the corridor of Mars requires

OVERSHOOT
UNDERSHOOT

.00|'-

DISTANCE /1,

Fig. 10, Guidanee requirements on flight path angle
for various parabolic entry corridors ((q, — 10)
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about the same guidance accuracy ax that with which a skilled man can throw
a ball, as exemplificd by the aceuracy required of a baseball piteher o pitch a
strikes entry into the corridors of Venus and Earth require alout the same aceu-
racy as required of William Tell to hit an apple at 20 paces. To enter the corridor
of Jupiter requires an accurncy almost an order of magnitude greater than re-
quired to hit the hull's exe of a rifle target { @ 1 minute of are), which is achieved
essentially 100 pereent of the time by skilled individuals although under rela-
tively comfortable and favorable conditions.

The most important difference between these various technological, non-
technological, and entry-corridor requirements probably lies not so much in the
numerical difference hetween requirements, but in the difference in reliability
with which the individual guidance requirements must he obtained. The conse-
quences of failing to achieve the guidance requirements associated with finjecting
a satellite into orbit. hitting the moon. scoring a rifle target bull’s-eye, or pitehing
a haseball strike. may he no more severe than that of bad publicity, but the
consequences of failing to achieve the guidance requirements associated with the
entry corridor for manned spaceeraft could result in a catastrophe, as could
have resulted if William Tell had failed to achieve his guidance requirements,
In such light the reliability with which the guidance requirements on flight-path
angle must be obtained may impose perhaps the most challenging teehnologieal
problem,
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The Supersonic Blunt-Body Problem—Review
and Extension

SUMMARY

A survey of existing analytice! treatments of the supersonic or
hypersonic blunt-body problem indicates that nonc is adequate
for predicting the details of the flow field.  Reasons are given for
the fuilure of various plausible approximations. A numerical
method, which is simpler than others proposed, is set forth for
solving the full inviseid equations using a medium-sized clectronic
computer.  Results are shown from a number of solutions for
bodies that ~opport detached shock waves deseribed by conie
<etinns., :

SyMuoLs

B = Dluntness of conic sect? -

C = 1- B,

e opressuie coefficient soferred to free-stream condi-
s

= Y

fsee Lq. (1))

o

s
§

]

fr( . ztresia Mach Number

pressure referred to por Vo2

nose radius

= coordinate normal to free stream
components of velocity in ¢, n directions
veloeity veetor referred to free-stream speed
-= r¢oordinate in free-stream direction
adiabatic exponent

(r=—1D/Mx+ 1D

standoff distance, of “hock from body nose
orthogomal curvilinear conrdinates [see Eg. (2)]
mesh widths in numerical computation

0 for plane flow, 1 for axisymmetric flow
density referred to free-stream value
stream function

modified stream function [sec Eq. (11)]
polar angle

s = valuc on shock wave

value on body

free-stream value

value at stagnation point
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INTRODUCTION

PHOTOGRAPHS of the detached shock wave that forms
ahead of a blunt body in supersonic flight shiow a
beautiful sizw.5eity that has in the last decade lured a
number of acrodynamicists into trying to predict its

~“shape.  Recently there have arisen more urgent rea-
P Y g
“eans for finding the complete flow field (particularly in

hypersonic flow), and a considerable fraction of the
theoretical acrodynamicists in the United States,

“Fngland, and (apparently) Russia have become in-

volved with the problem. The attacks have been

Prescnted at the Hypersonic Acrodynamics Sessinn, Twenty-
Sixth Annuat Meeting, 1AS, New York, January 27-30, 1958,

Revised wndl feociveds Arril 22, 1958,

_* Aeremantical Resonrch Scientist.

Reprinted from J, Aerospace Sci,
25, 485-496 (1958) By Permission
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mainly analytical, though within the last year clec-
tronic computers have been brought to bear.

The present paper aims, first, to cvaluate the mass
of existing analytical treatments and, second, to put
forth a new and relatively simple numerical procedure.
The survey will show that existing analytical methods
are generally inadequate for predicting the details of
flow near a blunt nose.  With the numerical method,
accurate solutions have been carried out for members
of a one-parameter family of plane and axisymmietric
bodies.

(1) ReviEw oF EXISTING ANALYTICAL SOLUTIONS

Existing analytical attacks on the supersonic blunt-
body problem fall mainly into four categorics: (1)
Potential flow approximations.'=* (2) Taylor series
expansions from shock®~!1 (3) Incompressible ap-
proximations.'*="  (4) Newtonian approximation and
improvements thereon #—%

The only other noteworthy approach is that of ex-
plosion and similarity solutions®™ ¥ which gives the
asymptotic flow field downstream on a slender blunt-
noscd body. This elegant and useful theory is not in-
tended to treat the vicinity of the nose and will, accord-
ingly, not be considered here. The four methods listed
above will now be discussed in succession, drawing
where necessary on the accurate numerical solutions
described in section (2) as a standard of comparison,
Other numerical methods®-3? will be discussed in
section (3).

(I.1) Potential Flow Approximations

The oldest attack on the blunt-body problem con-
sists in attemptling somehow to relate the actual flow
behind the detached shock wave to the subsonic (often
incompressible) potential flow past the same body.
The standoil distance for spheres in air (v = 7/5) pre-
dicted by several such theories is compared in Fig. 1
with the results of the numerical solutions deseribed
Iater. The standoff distance is a convenient test be-
cause it is easily measured from schlieren photographs
and should be given accurately by any theory that is
to predict other more important properties of the flow
field. Moreover, its prediction is actually the main
objective of most of these approximations.

t Another survey of the blunt-body problem in the special case
of hypersonic flow will appear in the monograph Hypersonic Flow
Theory by Wallace D. Hayes and Ronald F. Probstein, to be
published soon.
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Fic. 1. Potential flow approxinutions for standoff distance of
chock from sphiere with -~ = 775

The accuracy is seen to be mediocre, particularly in
hypersonic flow (and is still worse for plane flow).
Closest agreement is given by the theory of Kawamura,?
who makes a straightforward match of streamline
slopes behind the vertex of the shock wave with those
of the incompressible potential flow, His results have
been reproduced by Heybey! who also attempts to esti-
mate a correction for compressibility.  However, it
will be seen in section (1.3) that vorticity rather than
compressibility is the chief factor neglected at high
Mach Numbers and that Heybey's estimate of the com-
pressibility efect ts too large. In any case, these
theories are of no vatue for predicting such quantities
as surface pressures (which by assumption have the
form corresponding to incompressible potential flow).

(1.2) Taylor Series Expansion From Shock

If the form of a detached shock wave is known or
assumed, the flow variables {(pressure, density, velocity)
just behind it are given by the oblique shock relations,
and their first derivatives can be found by substituting
into the equations of motion. Higher derivatives can
be found by first differentiating the equations of motion.
According to the Cauchy-Kowalewski theorem (see, e.g.,
reference 33) the flow ficld is analytic somewhat down-
stream of the shock wave, and there is physically no
reason to doubt that the region of analyticity extends
to the body. One may therefore attempt to represent
the flow layer between the shock and body by a few
terms of a Taylor series expansion starting from the
shock wave. This idea, introduced by Lin and Rubi-
nov,? has been applied to plane,® axisymmetric,8 7. 0. 11
and three-dimensional® flows.

The expansion has been pursued furthest by
Cabannes for axisymmetric flow., Taking the shock
wave to be deseribed in Cartesian coordinates by ¢ =
Za,rt, he gives the cocflicients in the double Taylor
series for the various flow variables out to x4, x%2, 4
(and of Stokes’ stream function to &%, x'%, . .. ) for
vy = 7/5 and general free-stream Mach Number 3/
(reference 10), and the stream function 1o two addi-
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tional terms in the special case M = 2 (reference 11).
The variation of Stokes’ streaun function along the axis
of revolution behind a paraboloidal shock wave is com-
pared in Fig. 2(a) with the accurate numerical solution.
Successive terms of the Taylor series are seen to
meander with no clear indication of either convergence
or divergence.

The expansion procedure can be simplified by intro-
ducing the natural curvilinear coordinates associated
with the shock wave-—parabolic coordinates for a parab-
oloidal shock wave, ete. The Tavlor series have then
the advantage of being not double but only single ex-
pansions (in the coordinate leading away from the
shock). It may also be anticipated that the conver-
gence properties of the series will show up more clearly
i the natural coordinates. It 1s easy to recast Ca-
bannes’ series in parabolic coordinates. The result

5
VINUMERICAL

\7
- L 1 I L]
5% 10 .20 30

(=) Cartesian coordinates,

0 .10 .20 .30
-

(v) Parabolic coordinates,

Fra. 2. Variation of stream function along axis behind para-
boloidal shock wave at W = 2 with vy = 7/5.
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coetespemnding to Fig. 2(a) is shown in Fig. 2(b), und
.+ sy pew clear that at the nose of the body the series
v U R

I he ].r.:h.;h}v source of the divergence has been sug-
ool i reference 340 The Taylor series expansion
Jdewnibes not only the flow downstream of the shock
wave but also its analytical continuation upstream.
A indicated in Fig. 3, this fictitious flow will coutain
« hamting line which interseets the axis at the sonic
prant and i the supersonic region is the envelope of
catyeoing characteristics.  (Such a line exists also in the
woll known Taylor-MceColl flow past a circular cone;
s location is, in fact, tabulated by Kopal.®) The
dow variables are nonanalytic at the Bmiting line where
ey vary as half powers of the distance,  ITenee if the
hock wave is closer to the limiting line than to the
Lwlv, the Taylor series will not include the body in its
rvhius of convergence.  This suggestion has been veri-
ficd by running the numerical procedure backward to
caleulate the fictitious flow in the example of Fig. 2.
O the axis, the limiting line was found to lie only
three-fourths as far from the shock wave as does the
Liody nose.

The sttuation is comparably bad for other shapes and
Mach Numbers and worse away from the axis or in
plane flow. Hence the method of Taylor series expan-
ston Jrom the shock wave cannot be expected to suc-
ceed.  Nevertheless, the first three terms of the series
{in natural coordinates) can serve as a useful qualitative
mudel in the case of axisymumetric flow.*!  For a parab-
oloidal shock wave at M = o (and v = 7/5) the
nirklel predicts the ratio of standod distance to body
nose radius correct to within 0.8 per cent, so that it
may also have some quantitative value. However, it
deteriorates away from the axis and does not predict a
real body out to the sonic point.

(1.3) Incompressible Approximation

At high supersonic Mach Numbers the density varies
only slightly between the shock wave and the body in
the vicinity of the stagnation point. It therefore seems
appropriate to solve the equations of rotational incom-
pressible flow together with the exact conditions just
behind the shock wave.  Thus Lighthill’? has obtained
the solution in closed form for the special case of a
spherical shock wave at infinite Mach Number (that
is, in the “strong shock” approximation), the body
being found as a concentric sphere.  Similarly, Whit-
ham' and Hayes™ have shown that in plane flow a
circular shock leads to a concentric circular hody.

To assess this approximation, numerical solutions
bave been carried out for a spherical and a circular
shock wave in a stream of infinite Mach Number (all
solutions for I = o were actually carried out at M =
H.000) with y = 7/5. Tn axisymmetric flow the re-
sulting body shape, shown in Fig. 1(a), lies close to the
sphere of - the  incompressible approximation out
roughly haliway to the sonic point. In plane flow, as
might be expeeted, the agreement is poorer (though it

would improve in either case as y — 1).  The body is
roughly the front portion of a 4:1 ellipse standing on
end rather than a eircle.

For the flow near the axis, these results were given
carlier by Hidu.?*  His analysis is more general in that
all supersonie Mach Numbers are considered.  Fig.
4(b) shows that his results for standoT distance are
fairly accurate throughout the Mach Number range,
the remaining discrepancy being presumably attribut-
able to compressibility. Thus at infinite Mach Num-
ber the approximation of irrotational incompressible
flow* ¥ gives 0.094 as the standofl distance for a sphere
in air; the increment due to rotation is 0.026 according
to the Hida-Lighthill Lhcur)" and the remaining differ-
ence of 0.008 from the value 0.128 of the numerical
solution must represent the effect of compressibility.
(Heybey's estimate of the compressibility effect! is
0.021 in this case.) It might be possible to include
compressibility by iteration in the style of the Jauzen-
Rayleigh approximation for subsonic flow. If so, this
wottld seem the most promising of the analytic theories.

(I.4) Newtonian Approximation and Improvements
Thereon

In simple Newtonian theory, fluid particles are im-
agined to lose their normal component of momentum
upon striking the surfuce of the body. The local pres-
sure coeflicient is then given by 2 sin® 4, where 6 is the
angle that the surface makes with the stream direction.
Lees® has proposed a modified Newtonian theory which
consists merely in scaling down this result so as to be
exact at the stagnation point where the correct value is
known. He suggests that because of compensating
effects, this will be more accurate than the shock-layer
or ‘‘Newtonian-plus-centrifugal” approximation
which is the actual limit of the solution for A/ — = and
L

The surface pressures on a sphere and circular cylin-
der at Af = o with y = 7/5 according to these three
appreximations are compared in Fig. 5 with numerical
solutions. The modified Newtonian result is seen to
full cither above or below the accurate solution, depend-
ing on Mach Number and body shape, but to be re-
markably accurate when v = 7/5.

Chester?® and Freeman® have taken the shock-
layer or Newtonian-plus-centrifugal solution as a first
step and sought to improve it systematically by suc-
cessive approximations. The result is a double scries
expansion of the flow quantities for smaléd = (y — 1)+
(v + 1) and M2 (a single serics expansion in the work
of Freeman, who considers only the “strong shock”
case, corresponding to .1 = ).

Unfortunately, the series appears to converge slowly
for practical values of v, and worse in axisymmetric
than plane flow. This is illustrated in Fig. 6 for the
standoff distance in Chester's example of a parabo-
loidal shock wave. By appeal to the model mentioned
at the end of section (1.2), the present writer has sug-
gested? that Chester's series actually converges for
¥ > 2.2 (corresponding to 8 < 3/8), whereas for real
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sgrases y does not exceed 1675 but it is clearly not usceful
for y above 1.1, TIn the same note 1t was shown how,
by comparison with the model, the convergence of
Chester’s series for the standofl distance can appar-
ently be accelerated. Thus at y = 1.667 in the ex-
ample of Fig. 6, five terins of the modified series give
A R, = 0.1958, which diJers from the accurate numeri-
cal result by only 4 per cent. The convergenee of the
series is even worse for surface pressure, and there no
useful modification has been found.

(2) DEescrRIPTION OF NUMERICAL MpTon

The preceding survey shows that none of the existing
analytic treatments is adeqguate for caleulating the de-
tails of flow near a blunt nose.  Oue must turn instead
to mumerical solution of the full equations. A rela-
tively simple numerical scheme will be  deseribed
which has been programed for a medium-sized clee-
tronic computer.

(2.1) Coordinate Systemn

It is convenient to assume a family of detached shock
waves of kuown shape. The resulting simplification
more than offsets the disadvantage of having to accept
whatever body shapes result.  Another possible objec-
tion will e dealt with in section (3.4). Schlieren pictures
show that the shocks produced by simple shapes such
as spheres, paraboloids, and ellipsoids (or their plane
counterparts) are themselves nearly conic sections.
Accordingly, the present method has been applied to
the family of plane and axisymietric bodies that
support detached shock waves described by conic
sections-—-hyperbola, parabola, prolate ellipse, circle,
or oblate cllipse. It could, however, be extended to
other analytic shock shapes.

In Cartesian coordinates originating from its vertex
(Fig. 7), any conic section is described by

r? = 2Ry — Bx? (1)

Here R is the nose radius, and B the bluntness, which
is a convenient parameter that characterizes the eccen-
tricity of the conic section. (The bluntness B is 42/a?
for an ellipse but —b? ‘a? for a hyperbola.)  As shown
in Fig. &, the bluntness is zero for a parabola, negative
for hyperbolas, positive for ellipses, and unity for a
circle.

Tt is advantageous (o choose a natural coordinate
system that contains the shock wave as one of its sur-
faces. The conventional hyperbolic, parabolic, clliptic,
and polar coordinates are unsatisfactory because their
definition changes at B = 0 and again at B = 1 whereas
conic scetions clearly form a single continuously vary-
ing family. A suitable unified orthogonal system that
covers the entire range is introduced by setting

Y= RBYUD -1 2B ( - B+ Bn)]}()

r = Réy

I
.

The shock wave of bluntaess B, is described byn =1;
the downstream axis by 7 = 0; and the upstream axis

S-BODY PRODPIL N

by & = 0 (Fig. 7). Special cuses are
R = (1.2) (0 -F £ — 9y, for parabola (B, = 0)
vR =1~ \/I#:E:’n, for circle (B, = 1)

For ellipses, Eq. (2) gives only the left Falf which is the
part that may form a shock wave. Tle nght hall of
the dllipse is obtuined by taking a plus instead of a
minus sign ahead of the radical in 1qg. (2).

In this coordinate system the line clement is given by

ds® = hdE + hidy? + v e? (3a)

where v = 0 for plane flow and » = 1 for axisymmetric
flow, so that the last term (involving the azimuthal
angle ) appears only in the latter case, and

= (C& + 77),/(1 — Bt),
= (Ce + ) (C 4 Ba®, h® = 292 (3b)
where C=1 — B,.

(2.2) Egquations of Motion

Let T be the velocity referred to the free-stream
speed 1., p the density referred to its free-stream value
P, and p the pressure referred to p,17,% Then the

r r2= 2Rx-Bx2
n =1

=1

~
€=0

e = e e
-
~

F16. 7. Coordinates for conic section.

PARABOLA
B=
HYPERBOLA
OBLATE
ELLIPSE
B=1 CIRCLE

.1 PROLATE
2 ELLIPSE

F16. 8. Conic sections of vurying bluntness,
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66[ [ V(G2 + 7% (C + BeYon'e +
e Nt AL e 1 e L qrew
LT T [(gn)" V(C& + 2% °(1 — B§Hpel, = 0
6.5 . 0" "EXACT VALUE -AT™® o
/// STAGNATION POINT . — p(u"£ — [Cre2 (Ce + )] +
641 e
p WITHOUT - ol \/(C + By (1 — B o, +

ITERATION ¢ .
7 WITH EXTERNAL [/ (CE* + ’72)]1') +pe=0
ITERATION (3)

p(ee, — [/ (Cg + )] +
V(1 = BE),(C + By ufr, +
[Ce (C8 + )1}) + p, = 0
4 «V1 = Re? (b p")e +

.00 .96 g2 .88 .84 .80 .76 72

6.3

6.2

6.0

N CH+ By (p'p), = 0

Fre. 9. Variation of deusity along axis behind parabolic shock

waveat W = o, 4 = 7/5, where #, # are the components of 17in the £, 5 directions.
. The first (continuity) cquation is satishied by intro-
cquations of continuity, niotion, and energy are, in ducing the stream function ¥ according to
vector form,
- .- ¥, = () V(€& + )/ (C + Br?)pu
div(pl) = 0, p(1-grad)1” + grad p = 0, (6)
¥ = — V(€ + )/ — BE)ev

i/.'- rad(p/s”) = 0 ] .
grad(p.s") ) Then the last (energy) equation simply states that
where v is the adiabatic exponent. Transforming

. . p = p'f(¥ 7

these to the (¢, n) coordinate system (using Eq. (3}, and f pf(¥) @)

dropping the subscript on B, for stmiplicity) gives Using this to eliminate the pressure from the equa-
tions of motion gives

YoV, — V¥, — V[V, [(p,70) + (/)] — ¥, [(p/p) + (v. 01} — [/ €+ )] {¥2 4+
[(C + By)/(1 — BEON,2} + [BE/(1 — BE) ¥, +
(&9 [(CE* + 2%/(1 — BE)] (vp'fp, + p**Y'¥,) =0

, : : v L 8)
V¥, — Wb, + ¥, {9 ((s,70) + ()] = W,l(0p) + (/D)) — [CH/(CE + 1)) X
{10 — BH/(C + B + ¥} — [Ba/(C + BV, +
(#n%)" [(CE2 + 28/ (C + Bn)] (vp'fpy + 2"*Y'¥) = 0
(2.3) Initial Conditions _ -
Values of u, », p, p just behir_ld the shock wave {at p = (v+ DML — Be)/[21 + €& + 1
n = 1) are found from the oblique shock relations— )
e.g., reference 37—in terms of the slope of the bow (v — DA — BEY)), (9)

1

wave, V1 — Bg?’t.  Expressed in terms of the stream ¥ = £1+v/(1 +v), ¥, = ng" atn = 1!
function, these give the initial conditions ¥ '

and for the lTunction f(¥)

_ ':7.7,1["'(] — BsY) — (v T,_,l)(l + Cs?) -
) =G T 0 O o

[2(1 + Cs?) + (v — DM — Bs)| 5 .
[ (v + DAl — Bs®) ~ M @ = 10+ nepat o)
(2.9) Form of Problem for Numerical Computation

For numerical work it is advantageous to use (1 + V)‘I’,“E]+y, which is constant on the shock and elsewhere more
nearly independent of ¢ than is ¥ and vanishes only on the body rather than also on the axis of symmetry.  Hence set

V(g ) = [0 4+ e ) o

Then the initial conditions become

R R T N T A A T IR T R RN T S
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- (v R DA = BE), 201+

and the equations of motion

1 ,”,,(‘~‘+n) <w+_€u_'e_>"]m=_ﬁ
("(" My =By T+e/ ) T4

Ym0
(+l+ Wan wnp Wy 1+V+77

r= vy + DI+ Cs)

where

(2.5) Numerical Integration

The initial value problem of Egs. (12) and (13) has
been solved numerically by forward integration from
the shock wave (g = 1) toward smaller values of 7.
Over each interval (An), p and w, are extrapolated
lincarly. At cach new value of 5 the ¢&-derivatives are
cvaluated by 11-point numerical differentiation.”™  The
procedure may be summarized as follows:

(0) Calculute initial values at n = 1 from Eq. (12).

(1) Calculate f-derivatives pg, wg, wy, wy, by 11-point
numerical differentiation.

(2a) Calculate p, from Eq. (13a).

(2b) Calculute w,, from Eq. (13b).

(3a) Extrapolate p and w, lincarly to next smaller
value of 9:

p(m+l) = p(m) — (An)P,,(m),

w0, D = g ™ — (An)a,,(™
(3b) Extrapolate w using averaged value of w,:
W = WM = (1/2) (8n) (w,™ 4 @,™H)

() Repeat steps (1) to (4) at new value of 5 and con-
tinue until w is negative.

After completion of the integration, the accuracy of
p (and hence of p) can be greatly increased by recom-
puting it using the averaged value of p, over cach in-
terval An, so that the value after the mth step is given

P =B = (a0) [(1/26,9 + 5,7 + 5, +
2 (1/Dp,] (1)

Fig. 9 shows in a typical case the improvement obtained
from this “external iteration.”

This procedure has been coded for machine compu-
tiation on the IBM 630 clectronic digital computer with
floating decimal attachment. For each value of g
the flow quantities are caleulated at the 20 cqually
spaced values & = (n 4 172) (A8, 0 < u £ 19, which
straddle the axis of symmetry ¢ = 0 in order to avoid
the indeterminate form p'tp in Eq. (13).  The mesh

ONIC BLUXNT

CE) 4 (v ~ DI — Bey),

;Eff‘__>( o+ E¢d§1> + r ( + jﬂ'.
(‘”+1+y ST T\ T

(A nCT - BEf —‘EL)z (E“ H Y
Ce by [€+Bn‘< Frrs) Ty, 0

0711(1—39)—(7—1)(|+C3)[ (1

BODY PROBLIEN

(1 4 »)p, aty =1 (12)

w=1 w =

p
S e \T O By vaﬂ
) +cc°+n[<‘”+1+u> Froseli ) 1T

9, CE + 7))( f’) w, . )
y+1 N Dihed UYL .
( I ~ Be & 7); V.E (13a)

e )]
C+ Bp? 1+ 1+vp

Py f4< T )] (13b)

, Q2+ne|j
tp f 1+

C + Byp?

+Cs?) + (v — DA — Bs? )] s? = P70 (130)

(v + DI = Bs?)

dimensions Af and An are arbitrary (but equal for all

steps). One prescribes the parameters
Al = f{ree-stream Mach Number
B, = bluntness of conic section describing shock
v = 0 for plane, 1 for axisymmetric flow
¥ = adiabatic exponent

A%, An = mesh dimensions

Flow variables (and their »-derivatives) are printed for
cach mesh point. The body shape and surface pres-
sures can then be found by interpolation. Machine
computing time is 1'/4 minutes per value of 5. It will
be seen that 4 to 8 steps in g yield ample accuracy so
that a typical case requires 5 to 10 minutes computing
time.

(2.6) Instability

In the subsonic region the initial value problem is
unstable. This means that small errors (such as arise
from rounding to the § significant figures used) grow
in geometric progression. The instability has been
tested in a typical case by perturbing the initial data,
changing » from 1.000 0000 to 1.000 0010 at the point on
the shock wave nearest to the axis (where the equation
is most clliptic and hence most unstable). Fig. 10
shows that in 11 steps (last step interpolated) from
shock to body a unit error grows by a factor of 160.
This means that rounding crrors of ®1/2 in the last
place can amplify to invalidate no more than 2 of the
S significant figures used. Near the stagnation point
the error grows by a factor of about 3 in each step.
(This may be compared with the maximum factor of
3.8284 for Laplace’s equation in a semi-infinite
domain.?®) Hence the error would swamp all S sigmfi-
cant figures if it were necessary Lo take as many as 24
steps fromn shock to body. Tortunately, many fewer
steps than even 11 suffice, so that instability is of no

practical concern.
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Another type of instability peculiar to the particalur
differentiation scheme used is more serious and, in
practice, limits the downstream extent of flow field that
can be calculated.  The 1-pointdilerentiation scheme
uses ceutral differences where possible, but the Iargest
5 values of § must use progressively more noncentral
schemes.
bers and so produce instability which is more severe in
the hyperbolic than the elliptic region.
causes oscillations of flow variables for the highest few
values of & and stops the computation by producing
negative values of p. This difficulty has been allevi-
ated by using 7- and 3-point differentiution schemes at
the highest two values of £, It is to be entirely elimi-
nated by recoding the program to use only central-dif-

These involve large differences of small num-

It eventually

.

ference schemes, starting with more values of §
dropping the highest 5 in cach step in 1.

A second imperfection in the present procedure ap-
pears when the factor fcu + [tw (1 4 »)]} in Bq. (13)
vanishes, leading to a singularity in w,,. This can hap-
pen only inside the body (for w < 0) but, because of the
instability illustrated in Fig. 10, its effect occasionally
spreads so rapidly as to aflect the actual flow field.

and

(2.7) Accuracy - -Comparison With Garabedian-

Lieberstein Method

The accuracy of the numerical method has been
tested both internally, by refining the mesh size, and
externally, by comparing with experiment and with the
numerical procedure of Garabedian and Licherstein.”

The Garabedian-Licberstein method is like that pro-
posed here in starting from a given analytic shock shape
(and conic sections were actually used) and solving the
initial-value problem with electronic computers. Tt
differs in that it avoids the iustability in the subsonic
region by continuing the initial data analytically into a
fictitious third dimension where the equation is hyper-
bolic rather than elliptic. The solution is carried out
by the numerical method of characteristics on a num-
ber of planes in the fictitious three-dimensional space
that intersect the real physical plane along curved
lines. Thanks to known uniqueness proofs for the nu-
merical method of characteristics, the Garabedian-
Licberstein method possesses a degree of mathematical
rigor scldom attained in acrodynamic research.

The price paid for eliminating instability is a large
increase in the computing time (and cost) compared
with the present mcthod. Also the solution is arti-
ficially restricted to the subsonic region (though an-
other solution can be carried out for the supersonic
region),

Tt can be shown that the present procedure converges
as the mesh size is refined, despite its instability.  In-
decd, it differs only in degree from any stable numerical
procedure, in which one must strike a balance between
the truncation error resulting from too few steps and
the round-off error resulting from too many; here the
accutnulated error simply grows in geometric rather
than arithmetic progression,
that the solution to which the present method con-

What is lacking is a proof -

A0
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verges s the correet one. (The question of whether
a real body exists for any given shock wave is an open
question in either method)  However, it reproduces
the results of the Garabedian-Licherstein method to
four significan? figures, as shown for one case in Figs.
1T and 12, Fig. 12 indicates that the present method
15 the more accurate near the sonic hine,

In general, os in the example of Fig. 11, four to six
steps in g along the axis are found to yield the standoff
distance correct to within 1 per cent, with comparable
accuracy in the other flow quantities, It was thought
worthwhile to carry out the solutions discussed below
only to this standard of accuracy.

(3) Exanrres AND DISCUSSION

Some 50 examples have been caleulated, covering a
wide range of shock bluntness, Mach Number, and vy
in both plane and axisynunetric flow. Only axisym-
metric flow will be considered heuceforth as being ol
more practical interest. A complete compilation of both
plane and axisymmetric solutions will be issued later
as an NACA publication by the writer and Helen
Gordon, who carried out the coding and machine com-
putation.*

(3.1) The Family of Bodies

At cach Mach Number (and v) the family of conic-
section shock waves leads to a one-parameter family of
bodies. TFig. 13 shows various members of the family
for M = The downstream extent of the body was
Hmited in cach case by the end instability discussed in
section (2.6), which could be eliminated. -

Except possibly for the very bluntest, the bodies can
all be accurately described by conic sections back at
least to the souic point or limiting characteristic.
Thereafter the solution could be continued, or modi-
fied, by the method of characteristics. However, it is
a virtue of the present method that it gives the sub-
sequent shape. The sonic line and the change of type
from eclliptic to hyperbolic play no significant role.
From this point of view it may be said that the biunt-
body problem is not a transonic problem.

m.

(3.2) Comparison With Experiments on Spheres

Because the bodies are found all to be represented
closely by conic sections, it is possible to consider a
fixed shape over a range of Mach Numbers. Enough
experience has been accumulated at y =o7/5 that a de-
sired body can be produced in one or two attempts.
Thus the sphere has been solved for a number of Mach
Numbers from 1.30 to @ (and values closer to 1 would
offer even less difficulty). The standoff distance is
compared in Fig. 14 with experimental results from
references 40 to 1L The surface pressure distribution
is compared in Fig. 15 with experiments at W = 1.30
(reference 45) and M = 5.8 (reference 41).

* We are indebted to Marcelline Chartz for continued guidance
through the mysteries of machine computation.
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the various strips yiclds a system of ordinary diiler-
ential equations that are integrated on an clectronic
digital computer.  As in the Garabedian-Lieberstein
-method, the sonic line assumes a spurious significance
whiclt nceessitates speeial treatment in its vicinity.

)/:l Belotserkovsky  has published results for a circular

7 cylinder at M = 3, 4, 5 (with v = 7°5) which agree
well witly those from the present method; and it would
seem reasonable to assume that he has also considered
nore practical axisymmetric bodies.

Uchida and Yasuhara have given a very tedious
method of successive approximations which docs not
seem suited to machine computation.  Their one pub-
lished example of a circular eylinderat M = 2 (y = 775)
agrees fairly well with results from the present method,

) “ . i i

-

Q.Y Shock Insensitivity
i _I L l | .
: -1 0 1 ) An objection sometimes raised against the inverse
iy . ~« SHOCK BLUNT!IESS, Bg .method nf.stflrtmg't‘rmn an assumcd. shock wave is that
N i of bodv blumtiee y its shape is insensitive to changes in the body shape.
! 1 ‘arinti- dy ss with shock wave 1 - . .. . . .
. e 16 \dn,'_(,"fm(;s a)(“‘-_"_,".',’:u:l":,«=“7't/135 shock wave blunt A near nonuniqueness is implied according to which

J.ﬁd-

essentially the same shock wave would correspond to
various bodies.  IHowever, no such difficulty exists
within the family of shapes considered here. Fig. 16
; After developing the present numerical procedure, shows that for shapes sharper than a parabola the
the author learned of two other independent treatments
by essentially the same method.  Priority clearly goes

dad

(3.3) Comparison With Other Numerical Methods

i to K. Mangler, of the Royal Aircraft Establishment, SHOCKS// BODIES
- - although his work is not vet published *  Ata nieeting /

, . v i Holland ir-Jave 1207, here-arted a hand computa-
tion of the plane flow behind a parabolic shock wave
at M = 7 (withy = 77/5). The body was found to be
circular within half a per cent to behind the sonic line
(in conformity with results of the present method)
7 and was continued to a semicircle by the numerical
i method of characteristics.
More recently, Zlotnick and Newman® have applied
; a similar procedure to the spherical shock wave at
1 several high Mach Numbers. The accuracy of their
3 examples is low (the pressure at the stagnation point
‘ being off by some 3 per cent and the standoff distance F1e. 17, Axisymmetric bodies at M/ = w, y = 7/5 matched
Jow by 10 per cent), at Teast partly because the thick- with same nosc radius and with same sonic point.
ness of the layer between shock and body is neglected
at one point. . .They apparently attempt to suppress
the instability” by filtering out high harmonics (which
are the most unstable). The present author believes
-such attempts to be dangerous as well as unnecessary.
In contrast with these indirect methaods (that start
from an assumed shock wave), Belotserkovsky® and
“Uchida and Yasuhara® have described methods for
solving the direct problem of a given bedy. Following
the so-called integral method of Dorodnitsyn, Belot-
serkovsky divides the layer between shock and body
into n strips (2 or 3 in practice) across cach of which
the flow wadiabier -are wpjroximated by polynomials.
~Integrating the equations of motion analytically across

* AvpEnpuM: Mangler's work is now availuble in: Mangler,
K. W, and Evans, M. |, The Culculation of the Inviscid Flow

Between a Detached Bow Wave and Body, R.AE. Tech. Note Fia. 18, Result of trying constant effective 5 to ~simulate real
Acro 2536, October, 1957, . gas cffects, M = 14.2,
e E—— TR TR
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wek and body change at the same rafe;

truetness of sl
the shock insensitivity increases for

st adthowugh
o ter shapes, it by noancans approaches infinite slope

win h would imply complete insensitivity.
(15 Shoulder Choking

I ereasing shock insensitivity for blunt bodies is

‘1 dated to the phenomenon of shoulder choking pointed

vt by Busemann®® and Hayes."™  According to this,
the standofi distance and the shock shape in the sub-
waic region are determined mainly by the shape
of the bady near the sonic point. This is illustrated in
Fig. 17 by superposing first the vertices and then the
<anie points of two different bodies. The effect would
b comie even more pronounced for blunter shapes (and
it plane flow),

1.6y  Possibility of Treating Real Gases

The present numerical method is suitable for the in-
clusion of real gas effects assuming equilibrium thermo-
dynamics. Hand caleulation would probably be neces-
sary if the standard tables were to be used, but they
could be approximated analytically for purposes of
niachine computation. ,

Several investigators have suggested the use of a cou-
<tunt effective v to account roughly for real gas effects.
This idea was tested by startiug from the observed
shock for a hemisphere flying at 1/ = 142 (reference
17), which clearly involves significant gas imperfec-
tions, and attempting to reproduce the body. The
observed standoff distance is obtained by choosing v =
1.35 which according to section (3.5) must be the cf-
Fig. 18
shows that the body shape is then closely reproduced.
At least in this case of mild gas imperfections, the idea
shows promise.

fective value in the vicinity of the sonic line.
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Theory of Stagnatlon Point Heat Transfer mn
Dissociated Air!

J. A. FAY* axp F. R. RIDDELL**

Avco Research Laboratory

SUMMARY

“The boundaryslayer wqmations dio developed in general for the

. case of very high speed flight where the external flow is in a dis-

seciated stal | - In particalar the effects of diffusion and of atom
recombination in the boundary layer are included. It is shown
that at the stagnation point the equations can be reduced exactly
to a set of nonlinear ordinary differential equations even when the
chemical reactions proceed so slowly that the boundary layer is
not in thermochemical equilibrium.

Two methods of numerical solution of these stagnation point
cquations are presented, one for the equilibrium case and the
other for the nonequilibrium case. Nucrical results are cor-
related in terme of the parameters entering the numerical formu-
-lation 50 as n2t 1o depend critically on the physical assumptious
made.

For the nonequilibrium boundary layer, both catalytic (to
atom recombination) and noncatalytic wall surfaces are con-
sidered. A solution is represented which shows the transition
from the “frazen” boundary layer {very slow recombination
rates) to the equilibrium boundary layer (fust recombinationrates).
A recombination rate parameter is introduced to interpret the
nonequilibrium results, and it is shown that a scale factor is in-
volved in relating the equilibrium state of a boundary layer on
bodies of different sizes.

Tt is concluded that the heat transfer through the equilibrium
stagnation point boundary layer can be computed accurately by
a simple correlation formula [see Eq. (63)] and that the heat
transfer is almost unaffected by a nonequilibrium state of the
boundary layer provided the wall is catalytic and the Lewis
Number near unity.

Received -1, 1%, 1957,

1 This work was sponsored by the Ballistic Missile Division,
ARDC, USAF, under Contract AF 04(645)-18. Many mem-
bers of the staff of the Avco Research Laboratory have con-
tributed to this paper. In particular, thanks are due to A. R.
Kantrowitz, who initiated the work, and to N. H. Kemp,
who meticulously reviewed the results and suggested several
improvements.

In carrying out the computations the work of D. Goldberg,
R. D. Laubner, J. Levin, and W. M. Wolf is gratefully acknowl-
edged.

* Consultant, Avco Resmrch Laboratory, and Professor, De-
partment &f Afechavical iogineering, Massachusetts Institute of
Technology.

** Principal Research Scientist.

Reprinted from J, Aerospace Sci.
25, 73~-85, 121 (1958)
By Permission

54

kp

5»*?1@1@»32

T TS

It

f

SvyMmBoLs

= mass fraction of component 1
= specific heat per unit mass at constant pressure of

component 7, Eq. (19)

= &/8 Eq. (A-11)

defined by Eq. (19)

= rccombination rate parameter, Eq. (57)
= hl)/cpra

defined by Eq. (A-14)
defined by Egs. (A-4), and (A-7)

= diffusion coeflicient
= thermal diffusion coeflicient

defined by Eq. (A-13)

= internal encrgy per unit mass of component £

defined by Eq. (24)
defined by Eq. (A-9)
defined by Eq. (25)

= enthalpy per unit mass of mixture, Eq. (16)
= perfect gas enthalpy per unit mass of component f,

Eq. (10)

= heat evolved in the formation of component 7 at

0°K. per unit mass

= dissociation energy per unit mass of atomic products,

~Eq. (59)

= average atomic dissociation energy times atom mass

fraction in exterual flow, Eq. (61)

= thermal conductivity
= recombination rate constant, Eq. (50)
= dissociation rate constant, Eq. (51)

defined by Eqgs. (33), (A-5), and (A-9)

= D;ptp/k, Lewis Number

D;Tpe,/k, thermal Lewis Number
Lewis Number for atom-molecule mixture

= molecular weight of molecules in atom-molecule

mixture

= number density, moles per unit volume
= Nusselt Number, Eq. (43)

= pressure

= heat flux

= vector mass velocity

= vector diffusion velocity, Eq. (2)

= e¢ylindrical radius of body

= body nose radius

= Reynolds Numbers, Eq

. (44)
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R, = gas constant of component ¢

R = gas constant of mixture

a = universal gas constant

s defined by Eq. (27)

-T = absolute temperature :

Ty = vibrational temperature for molecules, taken as 800°
K.

u = x companent of velocity

v = 3y component of velocity

w, = mass rate of formation of component ¢ per unit
volume and time

x = distance along meridian profile

y = distance normal to the surface

a,, az defined by Eq. (A-5)
Br, Br defined by Eq. (A-7)
RATIRE) defined by Eq. (A 6)
defined by Eq. (22

7
] defined by Eq. (26)
u = absolute viscosity
v = kinematic viscosity
¢ defined by Eq. (23)
P = mass density
o = Prandt] Number ¢,u/k, taken as 0.7 in numerlcal
calculations
$ = dissipation function
Subscripts

A = atom
1 = {ith component of mixture

e = external flow conditions

w = wall

s = stagnation point in external flow
A = molecule

m = niixture

E = equilibrium

(1) INTRODUCTION

THE PROCESS of aerodynamic heat transfer at hyper-
sonic velocities is complicated by two features not
normally present at low velocities. The first is the
possible dissociation and ionization of air due to high
static temperatures encountered where the air is de-
celerated by shock waves, by viscous forces in the
boundary layer, or at a stagnation point. Because dis-
sociation and ionization (and their reverse processes,
recombination) proceed at finite rates, thermochemical
equilibrium is not necessarily achieved throughout the
flow field, and such rates are therefore an essential in-
gredient of the flow process. Secondly, diffusion of
atoms and ions, which subsequently recombine with a
high specific energy release, may appreciably add to the
heat transferred by normal molecular conduction.
While there may be other physical phenomena also
present, such as radiative eflects, it is the purpose of the
present analysis to include only the two effects pre-
viously noted in an otherwise (LIS sical viscous flow
problem.

Some aspects of this problem have already received
attention.  Moore! considered a dissociated laminar
boundary layer on a flate plate in air with a local com-
position determined by the thermochemical equi-
librium—i.e., a recombination rate constant sufliciently
great to maintain local equilibrium., Hansen? noted
that Moore had miscalculated the Prandtl Number for
dissociated air and an analysis similar to Moore’s hut
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following Hansen's suggestion was made by Romig and
Dore.® Beckwith* considered the heat transfer to the
stagnation region of a blunt nosed body, using integral
Crown® also considered the stagnation
point problem, using a modified Crocco method for
solving the boundary-layer equations. Finally, Mark®
treated the stagnation point equilibrium boundary
layer with variable fluid properties.t

In all these analyses no detailed distinction is made
between the roles of atomic diffusion and molecular
conduction in transporting cnergy to the wall.f If one
considers the energy transport through a motiouless
dissociated gas with temperature and concentration
gradients, the energy flux is approximately

= kgrad T + hi’Dp grad ca

where % is the ordinary thermal conductivity, T is the
temperature, h4® is the dissociation energy per unit
mass of atomic products, D is the atomic diffusion co-
efficient, p the density, and ¢4 the atomic mass fraction.
The first term is the usual transport of kinetic, vibra-
tional and rotational energy and the second is the
transport of potential (recombination) energy. Even
in the “equilibrium” boundary layer, the latter term
should be taken into account in the energy equation,
and will constitute a significant contribution where the
atom concentration and diffusional velocities are
noticeable.

These distinctions were first pointed out by Fay.!3
Subsequently, Lees” considered in detail the laminar
heat-transfer problem in dissociated air, including the
effects of atomic diffusion, and suggested several ap-
proximations to facilitate the solution of the boundary-
layer equations. He considered the limiting extremes
of the recombination rate constant which (as discussed
below) lead to simpler solutions than the general case,
and suggested expressions for the heat transfer for both
cases. Similar arguments, but in less detail, are ad-
vanced by Kuo."

Apart from the physical mechanism of heat transfer,
there are several relevant aerodynamic considerations,
the foremost of which is the question of shock-wave
boundary-layer interaction at a sharp leading edge.
From a mechanical point of view, it does not appear
possible to maintain sharp leading edges with their
attendant high heat-transfer rates, so that a finite
radius of curvature appears mandatory. Under these
conditions a distinct layer will exist independent of the
detached how shock wave if the boundagy-layer thick-
ness is much less than the shock detachment distance.

* It is noted that the variation of viscosity through the bound-
ary layer, which materially affects the heat-transfer rate, cannot
be accounted for by the integral method.

t For a more detailed discussion of numerical results, see Fay,
Riddell, and Kemp.?

{ Crown® for example, assumes that the potential energy of
dissociation (which is actually carried by diffusion of atoms) is
transported in the sanie manner as the internal energy of the
molecules, which implies equal diffusivities of molecules qnd
atoms.
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<rcv the former varies as the inverse sgtare root of the
koviokls Number and the latter is independent of
¥evnelds Number, there is a minimum Reynolds Num-
1«1 bdow which the shock wave and boundary layer
parpe. However, since low Reynolds Numbers at hy-
s« rsonic velocitios can only be attained by reducing the
cenwty Land hence inereasing the mean free pathl, this
Lt !.H.'l'\' not be reached before free molecule flow en-
wpes. It thus appears that stagnation point boundary
lavers are quite relevant to hypersonic continuum
jloaws. '

Roundary layers at locations other than the stagna-
tinm point are also of interest, but will not be considered
herein in detail. There are certain diflficulties inherent
in <uch solutions when the recombination rate is finite
which will be discussed more fully below,

For any boundary-layer calculation, the behavior of
the free stream outside the boundary layer must be
Liwawn. It the boundary-layer thickness is small com-
pared with the nose (and also detached shock wave)
radius of curvature, then only fluid which has passed
through the normal shock wave close to the axis (or
plane) of symmetry will enter the boundary layer, and
this constitutes the “free stream.” 1f it is assumed that
this stream has attained thermochemical cquilibrium
by the time it reaches the stagnation point, then the
{ree-stream conditions for the stagnation point bound-
ary layer are those of an equilibrium gas. “I'his would
appear to be the case most likely to be encountered.*

Whether the free stream in regions other than the

stagnation point remains at equilibrium again depends
upon the recombination rate since, in flowing to regions
of lower pressure, the gas is expanded and cooled.
Again, there will be no general solution which will in-
clude all possible situations.

The two extremes of recombination rate give rise to
simpler solutions than the general case. For suf-
ficiently small recombination rate, the concentration of
atoms (or jon pairs) is determined by the diffusive flow
from the free stream to the wall where recombination
would occur, and would bear no relation to the thermo-
chiemical equilibrium  concentration corresponding to
the Jocal temperature.  In such a "frozen’ boundary
layer, the temperature and concentration distributions
are practically independent of one another. On the
other hand, for a sufficiently large recombination rate,
canstant  thermochemical equilibrivm would  prevail
throughout and either the temperature or concentration

. distribution is a suflicient description of the thermody-

namic state of the boundary layer. 1t is, thereiore, to
be expected that the distribution of atoms in the

* The time for the gas to come to equilibrinm belind the
normal shock wave depends upon the kineties of the dissociation
process. It ismerely noted here that immediately behind the shock
wive, before dissociation begins, the trunslational temperature is
extremely high and thereby promotes high dissociation rates.
Even at high temperatures equilibritm may not be attained soon
enough if the density is sufliciently Tow, but this would probably
occur only near the free molecule flow regime,
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“frozen” and “cquilibrium” boundary layers will be
quite different.

Despite the importance of the processes of dissocia-
tion and recombination in determining the thermody-
namic state of the air throughout the flow field, their
effcet on heat transfer is sccondary.  This is most easily
seen by again considering the heat flux through a stag-

" nant gas as given above, and replacing grad T by
(1,/c,) grad i, where [ is the perfect gas euthalpy. 1f we
also make the approximation that Dpe,/k (Lewis
number) is unity, the heat flux becomes

g = (k/c,) grad (B + c.4h4®

that is, the heat flux is determined by the chemical en-
thalpy (perfect gas enthalpy plus enthalpy of forma-
tion) difference Letween free stream and wall. Whether
atoms recombine in the boundary layer or on the wall
makes no great difference since the energy is conducted
about as readily by normal conduction as by diffusion
when the Lewis Number is approximately one. On
the other hand, if the heat transfer is to be known more
exactly, then such relevant effects as variation of trans-
port cocflicients with temperature, variation in heat
capacities, actual Lewis Number, etc., must be ac-
cournited for properly. It will be scen that it is the in-
fluence of these effects which constitutes the principal
departure from an extrapolation of the classical theory.

Since a considerable {raction of the heat may be
trausported by atomic diffusion toward the wall fol-
lowed by recombination on the surface, it would be
possible to eliminate this fruction of the heat transfer by
using a noncatalytic surface. However, such a scheme
is useful only if the atoms do not first recombine in the
gas bejore reaching the wall. The flight conditions
under with the gas phase recombination is slow enough
to permit atoms to reach the wall, and the resulting heat
transfer with both catalytic and noncatalytic surface,
have been determined for the stagnation point flow.

For a discussion of experimental techniques and re-
sults of shock tube measurements of stagnation point
heat transfer in dissociated air, see reference 15.

(2) LAMINAR BOUNDARY-LAYER EQUATIONS IN A
DissociaTED Gas

The general equation of continuity for any species 7 is
di\'{p(q + Qi)ci} = W; (1)

wliere p is the mixture density, ¢, is the mass fraction of
species 7, w, is the mass rate of formation of species 7

-, -
per unit volume, ¢ is the mass averaged veloeity and g,
the diffusional velocity of species 7 measured with re-

spect to ; ‘¢ s may be given by
qi=—(D,cYgrade,— (DT, ' Tgrad T (2)
where D, and DT are, respectively, the molecular and

thermal diffusion cocflicients of species 7, and T is the
temperature.  The first term on the right of Eq. (2) is
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due to conoairation diffusion <! the second is due to R, = 2¢R, )}

fpressure di 21 is neglected).

fraction instead of

thermal ('h.m:.\:.wn

The use < the e
mole fraction is particularly = et anee, in the cascof a
bimelecular mixture, D, becomes the bimolecular diffu-
sion cocflicient (1) which is practically mmdependent
of composition, the
diffusional veloeity of any one component depends, in
general, upon the concentration gradients of all the com-
ponents, and a method for determining the diffusional
velocities has been suggested by Hirschfelder, Curtiss,
and Bird® In such a case Eq. (2) is not exact (except
for equal diffusivities and molecular weights of all com-
ponents), but is a useful approximation. A dissociated
gas (such as air) in which all the molecules (or atoms)
have neuarly the same molecular weight and probably

2 YT i
ra e
graavin o

For multicomponent mixtures,

similar collision diameters may be considered primarily
a two-component mixture with atoms zad maelecules as
species, for which Eq. (2) is =

In order to conserve mass i any Cicicai changc itis
necessary that

wloc, ||“f RS

and from the definition of the mass averaged velocity it
follows that

EZ]—:C( = O (4)

Hence, Eq. (1) summed over all species gives the usual
form for the continuity equation,

-

div(59) =0 (5)

The energy cquation may be written for a moving
element of fluid

pq-grad(Sce) = div(k grad T) —
div(Zpqch) + Zwh® + pdivyg + & (6)

where e;, h,, and k0 are, respectively, the specific in-
ternal energy, enthalpy, and heat of formation of
species 4, k is the thermal conductivity for transport
of kinetic, rotational, and vibrational energy, p is the
pressure, and ¢ is the dissipation function.

The first term on the right of Eq. (6) is the internal

energy increase due to normal heat conduction, the

second that due to fluid diffusing across the boundary
of the element, the third that due to chemical reaction,*
and the fourth and fifth that due to the work of the
pressure and the viscous forces, respectively.

It will be assumed that the gas is a mixture of perfect
gases, so that for each component

l)( = P(RIT (7)

where R, is the gas constant for species ¢, and for the
mixture

P = PRmT (8)

where the gas constant for the mixture (R,,) is given by
* The heat of formation h? may be taken as zero for the
molecules and negative for the atoms, in which case the enthalpy
k [sce Eq. (16)] is always positive.

It then follows that the enthalpy and internal energy
arc related by

hi = ¢; + R, T (10)

By combining Eqgs. (3) and (7) through Eq. (10) with
FEq. (6), the steady-state energy equation reduces to

p?-grad(“r(h;) = div(k grad T" —
‘.pq‘c(lz,) + Zwhp + ?~grad p+d (D

A further simplification occurs by combining Egs. (1)
and (11) to eliminate the term Zwh °:

pq-grad| el — b0} = div{k grad T —
Soqicilhe — B0} + ¢hgrad p + ¢ (12)

By making the usual boundary-layer assumptions,
Egs. (1), (3), and (12) reduce to the following form for a
body of revolution, if the boundary-layer thickness is
small compared with the radius of curvature and centrif-
ugal forces are neglected : f

(pr1): + (prv), = 0 (13)
puce + pucy = {Dipcy + D7pe T,/ T, + wi (14)

ptth, + pvhy, = (RT), + up: +
p(u)? + {ZDip(he — hOey +
=D pc(hy — ROT,/'T}, (13)

where 7 is the radial distance of the body surface from
the axis of revolution, # and v are the velocity com-
ponents in the x and y directions (tangential and normal
to the surface, respectively), u is the absolute viscosity,
and the enthalpy for the mixture is

h = Zc,(hy — 1Y) (16)
The corresponding equation of motion is
pus + pruy, = —pr + (u1), a7

Since the transport cocflicients are, in gencral, func-
tions of temperature and composition, it may be de-
sirable to use 7 rather than & as the dependent variable
in the energy equation. Noting that i, is a function of
temperature alone, we have

grad kb = {Eci(dh‘/'dT )} grad T 4+

E(h,- - hio) grad ¢ (18)

Letting
(19)

where ¢, is the constant pressure specific heat for
translation, rotation, and vibration, the energy equa-
tion (13); in combination with Eq. (14), becomes

c',,{puT, + va,,} =
(AT, + up, + w(u)? + Zw,(h® — h) +
EC,[(I);[)C{V + D;‘TPC,'T,,,/T)TV

51; = EC((dh{/dT) = EC{Cy

(20)

For a gas at equilibrium, on the other hand, it is found

t Subscripts x and y {or ¢ and 5 below) are used to denote par-
tial differeatiation.
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more convenient to use the enthalpy as a variable rather
than temperature, in which case by combining Egs. (17)
and (IN) with Eq. (15), we obtain

pre(h 4 122, + po(h + 12°2), = {(k &) X
U+ w200, + {2 = (R e)In,), +
12D — RENh — ey, +
D Tpc/ T — 0T}, (21)

Eqgs. (13), (11), (17), and (20) or (21) thus constitute
the system whose solution is required.

(3) Simrar SoLUTIONS

As is usual in boundary-layer problems, one first
sceks solutions of restricted form which permit reducing
exactly the partial differential equations to ordinary
differential form.  An easily recognizable case is that of
the stagnation point flow, where, because of symmetry,
all the dependent variables are chosen to be functions of
3 alone, except 2 which must be taken proportional to x
times a function of y. This also appears to be the only
case for which exact ordinary differential equations
may be obtained regardless of the recombination rate.
For the flat plate and cone, exact solutions exist only
for the extreme values of the recombination rate con-
stant, that is, when the boundary layer is either
“frozen’’ or in the thermodynamic equilibrium,

For all other cases, certain degrees of approximation
are required. Following standard procedures, one first
tries solutions for which the velocity and enthalpy pro-
files remain similar to themselves, at lcast for an ap-
preciable distance along the body. Such ‘locally
similar]’ approximate solutions may be obtained for the
“frozen” or “equilibrium’’ boundary layer, and also for
an arbitary recombination rate in certain restricted
cases.

POINT HEANAT TRANSFER

The existenee of a finite recombination rate is not the
only hindrance to obtaining exact solutions in reginns
other than the stagnation point.  In general, the varia-
tion of the velocity, thermodynamic variables and trans-
port cocflictents in the free stream and along the wall of
the body of arbitrary shape preclude exact solutions
(except for the cone and flat plate). Aun important
aspect of the locally similar solutions is a proper ac-
counting for these variations such that the heat transfer
may be determined for any point of the body of arbi-
trary (but regular) shape. Although this problem will
not be treated 1n this paper, we will start with a trans-
formation suitable for locally similar solutions.

With this in mind, we choose the following transfor-
mation of the independent variables x and y, which in-
cludes the usual Howarth and Mangler transformations,
as proposed by Lees.”

— ¥
n = (I’ll,t'l‘\//gg) f p([y (23)*
0
x
(= f Pubti X (23)*
0

wltere 7, is the velocity at the outer edge of the bound-
ary layer. In addition, the following dimenstonless de-
pendent variables are chosen:

o on=usue 1= [T @onm @

g = (h+ u*/2)/h, (25)
6 =T/T, (26)
S¢ = /¢y, 27

where the subscript ¢ refers to values in the local free
stream, and s to values in the free stream at the stagna-
tion point. Substituting in Eqgs. (13), (14), (17), (20),
and (21), there results

p = —r VRS + /D + VE ] 9
(/o) (Lisiy + Lis8,/0)], + fsiy + [26wi/puccaldt/dx)] = 2(fysic = fesi) + 2fs:[dIn c)/dn ] (29)
Ufnda + fon + 20d(In wl)/dn O] (p/p) = £,2] = 26ofuc = fefon) (50)

[(C,/Cpw) (]//0)071]'1 + (C-p/c.mr)foq + 228w,/ pu (d¢/dx) [[(h° — k) /T, + (/€T +
2(epi/Cp) (C1ed/ ) (Lasi + LiTs0,/8)6, = f,{2(¢, €, )01d(In T)/d(In £)] +
- Qu e T (pe/ p) [d(In u) /d(In )1} + 2(6,/C,u)E(f8 — fiba)  (31)

[(l/ﬂ')g,’],, + fgn + (u82/hb){(l - 0_1),f1)fnrl}fl +

{02/ h) i = BOUL: = Dsiy + L7s8,/0)}, = 26(foge — fegy)  (32)

where 1= P/—l/pzr}‘w

and where ¢ and L, are the Prandt! Number (¢,u/k) and
Lewis Number (D;p¢, k), respectivelv. The subscript w
refers to values of the variables at the wall.

For the dependent variables £, g, 8, and s, to be func-
tions of y alone, it is first necessary that the thermody-
namic state variables be unchanging in the free stream
and along the wall as ¢ increases, a condition satisfied
at a stagnation point, or along a cone or flat plate. Tt
is further necessary that the source term- -i.e., the term

involving w,—in Eqs. (29) and (31) depend upon g
alone. Since the chemistry of the recombination proc-
ess is believed to depend only upoen the local thermody-
namic variables—that is, w; is a function of p, T, and
sq—this second condition may be satisfied in three dif-
ferent ways: (a) wy, = 0 (frozen boundary layer), (b)
ud(ln £)/dx = constant, which is satisfied at a stagna-
tion point, or (¢) the recombination rate is sufliciently

- * For two-dimensional flows let r = constant,
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large to maintun thermodynamic  equilibrium,*  in solution of Lgs. (28), (30), and (32).
which case w, s determined through Eq. (29) from the For the stagnation poiut, then, Egs. (29) to (32) re-
duce to
[(/0)(Lisiy + LT/ D, + fsin + {20dn,/dx)} ~'(wi/pcy) = 0 ' (34)
(I.fﬁm)q + .f..fvm _*‘ (1/2 {(PJ.’IVP) - fr;z} =0 (35)

[(‘-’p/éw)(l"!”)]v t+ (5,,’5,,,,)_/'9,, + {2(‘1”0./‘1-\'):} 12w/ p) (B — 1),/ ¢pe T, +

[(l/‘r)gn]n + fgv, + ((1,/0)2[51:(]“ - hlo)/h.\‘] {(Li -

where it has been assumed that «*> <« h,.

For a “locally similar’” solution away from the stagna-
tion point it is required that the terms on the right-hand
side of Egs. (29) through (32} all be negligible compared
with those on the left, and thus the equations may he
integrated with respect to n. The dependence upon &
of f, g, 6, and s, is thereby implicitly determined by the
variation of p, T, s;, u, and the transport coeflicients in
the free stream and along the wall, this variation being
determined by the aerodynamics of the external flow.

For Newtonian flow the distribution around the
body of the relevant quantitics is easily found, all quan-
tities except du,/dx being determined by the local body
slope— i.e., local pressure. Since du,’dx depends upon
the pressure gradient and hence body curvature in the
meridian plane, there is introduced an extra parameter
in the locally similar solutions. Lees? points out that in
the equation of motion (30) the pressure gradient affects
only a single term, that this term is generally small, and
that neglecting this term in the equation of motion will
only slightly affect the solutions for g, 8, and s;. This
appears to be a greatly desirable simplification in de-
termining the heat transfer at other than the stagnation
point.

The use of locally similar solutions can only be justi-
fied a posteriori in each particular case by determining
from such a solution the magnitude of the terins in
Eqs. (29) through (32) which were neglected. Pre-
sumably an iterative scheme could be devised to im-
prove on such solutions. It does not appear possible to
formulate a general criterion for determining the limit
of applicability of the locally similar sohitions except a
loose physical argument that conditions in the free
stream and along the body must change only slightly in
a distance of many boundary-layer thicknesses.

(4) HeAT TRANSFER

The local heat-transfer rate to the body g is deter-
mined by the sum of the conductive and diffusive trans-
ports, the latter being included only when the atoms
recombine on the wall. Thus,

g = (k(aT/Iay)]y=0 + [Ep(ht - hxo) X
(DO /0y) 4 (DTe' TYRT, 0} )50 (39)

* Strictly speaking, the fluid cannot be exactly in thermody-
namic cquilibrium, for if this were so, there could be no net rate
of change of composition following a particle path, Tor large
enough rate constants, the fluid will be very close to equilibrium.

2(p ) (cul/ o) (Lisiq + LiT58,70),6, = 0 (36)
Dsjy + LiTs:8,/8}), = 0 37)

or
g = [(&'¢,)(Oh/0¥)]y -0 + [Z(R/C,) (ke — R) X
{(Li = 1)(@c,dy) + (LiTe/ TYQT/09)} ly=0  (39)

In terms of the dimensionless temperature and cen-
thalpy distributions, this becomes

q = (fk,,p,,.ll,T, /\/2_&){0:; + Zeie X
[(he — B/ T A(Lesin + LiT58,/6)} 4=0 (40)

or

q= (7kwpwuchs;'/'\/§§ Epw) X
{gy + Zeel(hs — /R X
[(Ly = Dsiy + L758,/6]} -0 (41)

For stagnation point heat transfer we note that
5% 2
"Pwue/\/zf = { (z/vw) (duc,/dx)s} v (42)

where v, is the kinematic viscosity at the wall.
It is also possible to define local Nusselt and Reynolds

Numbers based on the local coordinate x. Thus, de-
fining?

Nu = quépu/ku(hy — hy) (43)

Re = ux/v, ' (44)

the heat transfer at the stagnation point may be written
as

g = (Nu/NRe)N pupte(due,/dx)[(hy — hu)/o]  (45)
where

Nu/A/Re = [\2 T/ (he — hy)] X
{0., + ECn[(ht - hio)/c.pT:] X
(Lisia + Li7s6,/6)} -0

N";’/'\/E = [\/2//(1 - gtr)] X
{g, + Zcillhy = h0/h] X
(L — Dsiy + LTs8,/01},-0 (46b)}

It should be emphasized that the heat transfer is in-
dependent of the particular choice of rllerence density
and viscosity (p,u,) which appears in the definition of
Eq. (23). The use of wall values of p and u for this pur-

(46a)t

t Itisclear from the expressions (40} and (41) that the enthalpy
difference between wall and free stream, not the temperature
difference, is the proper “driving force’ for heat transfer.

{ For conical or flat plute flows, the factor V2 in Eq. (46)
should Le replaced by 4/3/2 or 1/4/2, respectively, when the
reference dimensions for Nu and Re are the distances from the
apex or leading edge, respectively, measured along the surface.
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e s merely @ convenience, but a logical choice in that
W s that 1= 1 [Bq. (33)] at the wall (3 = 0).
t1. wover, another choice, such as free-stream p and g, or
voen po cqual to an arbitrary function of x, could also be
i <.}, In cach such case, however, the solutions of the
1~ -un-lary-Jayer equations give different g(n), 0(y), cte.
11 i~ clear from an examination of these equations that

c.ch <uch solution may be transformed into another by
a <imjle change of scale of n and f defined by

NV Pute 1 = potto 10 (47)
Vpee f = Voo fo (48)

il
() = gV pupe m), et (49)

and where pog is the new reference value used in defining
x,. .\sa consequence the heat transfer [sce Tigs. (38)
and (39)] can be seen to be independent of the choice of
PG

On the other hand, if one attempts to estimate g,(0)
fur the case of pu not constant from a solution for pu
constant,® which is the problem considered by Lees,?
the reference state (pupe) is quite relevant since by its
proper (and arbitrary) selection the wall gradient of g
mav be made to equal numerically that for the case of
pu constant. A discussion of this point lus been given
by Probstein,® and by Fay, Riddell, and Kemp.!?

(5) TRANSPORT PROPERTIES

To obtain a numerical solution of the boundary-layer
cquations it is necessary to kuow the viscosity, Prandtl
Number, Lewis Number, and thermal diffusivity as
functions of the locul temperature, density, and com-
position.  For the high temperatures under considera-
tion, these properties have been estimated,t the principal
uncertuinty  resulting from lack of knowledge of
atom-molecule interaction potentials. The particular
results of this study which are pertinent to the bound-
ary-layer caleulation may be summarized as follows.

(a) The viscosity of equilibrium air, determined by
assutning that all particles possess the same interaction
potentials, does not vary more than 10 per cent from
Sutherland's formuta below 9,000°K.

(b} Both Prandtl and Lewis Numbhers do not change
apprectably  with temperature (below 9,000°K.)), the
value of the latter being uncertain, but estimated as
about 1.4,

In Tight of the uncertaintics in viscosity and Lewis
Number, it is clear that the calculated heat transfer
using these estimates is also uncertain.  However, the
nunicrical solutions of the houndary-layer equations
may be obtained for a range of possible Lewis Number
and viscosity variation, such solutions being generally
valid when expressed explicitly in terms of the property

* As, for example, the solutions of Cohen and Reshatko,
t These estimxtes were made by Dr. S. Penner of California
Tnstitute of Technology and M. M. Litvak of Cornell University.

THEORY OF STAGNATION POINT HEAT TRANSFER

variations. Thus for the numerical solutions, the
Prandt! Number was held fixed at 0.71, the Lewis Num-
ber was assumed constant through the boundary fayer
at values rangiug from one to two, and the viscosity
variation was determined by Sutherland’s law for the
cquilibrium air and as calculated by Penner and Litvak
for nonequilibrium composition. }

Tt is casily shown that thermal diffusion is unimpor-
tant for the equilibrium boundary layer at stagnation
temperatures less than 10,000°K. TFor the frozen
boundary layer this is no longer necessarily the case;
however, thermal diffusion was neglected in all the
numerical solutions reported in this paper.

(6) RECOMBINATION RATE

As suggested by Davidson, ** the recombination rate
of atoms is determined by a three-body collison:

atom 4+ atom - particle = molecule 4 particle

For this process the rate of disappearance of atoms may
be written as

dN4/dt = —K\N,NT-13 (50)

where the temperature dependence is as suggested by
Davidson, who also estimated K;7-1% to be 5 X 10%
cc.? mole~? sec. 7! for oxygen recombination when T =
300°K.it N4 and N are the number of moles per cm.3
of atoms and particles, respectively.

Atoms will be produced by the reverse of the above
reaction, so that the net rate of production may be
written as

AN4/dt = —K\N2NT-15 + K (T)NyN  (51)

Since under equilibrium conditions, there is no net pro-
duction of atoms, Ky(7") may be solved for in Eq. {51)
in terms of the equilibrium atom and molecule concen-
trations which would exist at the local temperature T
and pressure. Substituting this value of X, in Eq. (51),
there results

ANs/dt = —KI\NaNT-15 %
{1 = (Nae/ Nae) (Naw/ N} (52)

where the subscript E refers to the concentrations which
would exist at thermodynamic equilibrium at the local
pressure and temperature, and Ny is the number of
moles of molecules per cm?,

Considering a gas mixture of diatomic molecules of

! Results of the experiments of reference 15 indicate good
agreement with the present cstimates of transport properties with
Prandt]l Number 0.71 and Lewis Number 1.4,

** Dr. Norman Davidson, California Tustitute of Technology
(private communication).

tt Recent experiments reported by J. Camm and J. Keck (see
Bulletin of the American Physical Sacicty, Series 11, Vol 2, No. 4,
p. 216, 1957) indicate that the recombination rate at 6,000°K.
may be higher than that obtained by extrapolating Davidson's
estimate to such a temperature.  There is nothing known con-
cerning this rate at the low wall temperatures pertinent to the
boundary-layer problem,
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molecular weight M and atoms of weight 172, the atom
mass fraction and total density are, respectively,

ca = N/ (Na + 2NVy) (53)
and p=MWNy+ N2 (54)

The net mass rate of formation of atoms (w,) may now
be determined in terms of these quantities to give

(M 72N, dD)

Wy =
= —(QK,;p3T14/%) X &5
[+ ca)(ea® = eax®) (1 — C.u;?)],
Neglecting the term (1 — cag?), which does not vary

by 25 per cent in the cases considered, the relevant
source term in the diffusion equation (34) for atoms re-
duces to

{2(du, dx)} W 'p) = — [Kip 2T 3% ®(du, dx)o] X
{0"3-5((,',12 — )+ (',4)} (56)

where ® is the universal gas constant.  The cocfhcient
of the term in braces on the right of Eq. (36) contains
all the dimensional effects of the finite recombination
rate problem, and will be termed the recombinalion rate
paramcter (Ci)-—i.c.,

Cr= K\pT;735R 2 (du, 'dx), ™! (57)

The term (du./dx),~" is approximately the time for a
particle in the free stream to move a distance equal to
the nose radius, and thus also the time for a particle to
diffuse through the boundary layer at the stagnation
point. The factor which multiplies it in Eq. (57) is the
reciprocal of the lifetime of an atom, so that the recom-
bination rate parameter is the ratio of the diffusion
time to the lifetime of an atom. Because the diffusion
time contains the body nose radius while the hifetime
does not, a scale effect is introduced by the chemical
change which is not accounted for in the Reynolds
Number. Thus, similar flows require equal Reynolds
Numbers and recombination rate parameters.

A term similar to the left side of Eq. (36) appears in
the energy equation (36) except that it is multiplied by
a dimensionless dissociation energy. A part of this
term, Swh,, is negligible since Zaw, = 0 and k; per unit
mass for vibrationally excited molecules and atoms are
nearly equal, being in the ratio 9,'10.

(7) NUMERICAL SOLUTIONS

The boundary-layer equations derived above [Eqs.
(34) through (37)] can be put in a form suitable for
numerical integration. The details of how this was
done are given in the Appendix. Numerical solutions
were obtained by use of an IBX 650 digital computer.

Many combinations of the parameters o, L, and G
are possible, as well as extreme ranges in the free-stream
(stagnation point) and wall boundary values. It was
therefore decided to restrict the solutions to the follow-
ing values:

(a) ¢ = 0.71
b)L =10 1420, LT =0
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() Stagnation point conditions corresponding to ther-

modynamic equilibrium at velocities between 5,500

ft. per sec. and 22,800 {t. per sec. and at altitudes of

23,000 ft. to 120,000 {t. (Equilibrium air propertics

were determined Trom the tables prepared by the

National Bureau of Standards!')

(¢) Wall temperatures from 300° K. to 3,000°K.

Wherever possible, only one parameter or boundary
condition was varied in a series of caleulations in order
to determine its individual effect. Tt was not believed
necessary to establish such effects for all possible com-
binations of the remaining parameters. Tables giving
the values of the parameters and the boundary condi-
tions for cach computation may be obtained directly
from the authors.

The heat-transfer parameter (N1 'A/Re) determined
from each integration depends not only upon the
parameters and boundary values of the dependent
variables involved, but also upon the assumed variation
of viscosity with temperature and composition. In ad-
dition, further simplifications as explained below for the
individual cases were also made. Tn order to make the
results lIess dependent upon the specific assumptions
made, the heat-transfer parameter was numerically
correlated with the parameters and boundary values in
what seemed to be a suitable manner. Tt isbelieved that
1ot too widely different assumnptions would give results
which would fall within the same correlation.

(8) Tne EguiLisriuM BoOUNDARY LAYER

A first series of equilibrium boundary layers was
computed by solving Eqs. (33) and (37) simultancously
(hereafter denoted as Method 1), The solution requires
specifying p.’p and 7 = pu/pyp, as functions of g,
typical variations of these quantities being shown in
Fig. 1. The calculated values at various altitudes of
interest are compared with the fitted curves used in the
computing program, from which it was concluded that
there was a negligible effect of altitude variation on these
functions, Specific details of the method of calculation
are given in the Appendix. It was found that moderate
changes in the distribution for identical end values re-
sulted in negligible changes in the heat-transfer par-
amecter,

For L, = 1, the equations are similar in form to those
solved by Cohen and Reshotko,!® and become identical
at low enough stagnation temperatures when / is ap-
proximately constant. Solutions were gbtained for the
range of vclocities and wall temperatures given above,
and the heat-transfer parameter was found to depend
only upon the total variation in pu across the boundary
layer, in accordance with the relation

Nu/A/Re = 0.67(p.u,’ puttid) ! (38)

The numerical correlation leading to Eq. (5S) is shown
in Fig. 2. The solution of Cohen and Reshotko!® for
! = 1is also plotted, after correcting for Prandt] Num-

ber by multiplying their result by (0.71)%4
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THEORY OF STAGNATION

COMPUTED POINTS +
4 15000 FT
¢ 70,000 FT
O 25000 FT

Q.
—0a_|

O]

0 02 04 06 08 10
ENTHALPY RATIO g

Fra. 1. Variation of pu/p.ue and p,/p through a stagnation

point boundary layer, shown as a function of enthalpy ratio g.

Stagnation conditions are for a flight velocity of 19,700 ft. per
see. at various altitudes. 7, = 300°K.

An alternative procedure for the equilibrium bound-
ary layer is to solve Eqgs. (34), (33) and (36) simultane-
ously (hereafter denoted as Mecthod 2).  An appreciable
simplification results if we consider air to be composed
of only “air” molecules and “air’” atoms having an
average heat of formation given by
Zoal=1"/ Z e

atoms atoms

IIAO = (50)
where the summation extends over atomic oxygen and
nitrogen only. Thus only one diffusion equation (34) is
needed for the diffusion of air atoms. With this simpli-
fication the equilibrium boundary layer may be treated
by climinating the term involving w; between Eq. (34)
and (36). A solution is then possible when ¢, and 7 are
specified as functions of s, and 6, and s, is specified as
a function of 8 through the known equilibrium atom
fraction as a function of temperature. (Details of the
approximations made are given in the Appendix.)

This alternative solution was found to give very
closely the same results as the Method | for a Lewis
Number of unity, and the results are compared with
Eq. (58) in Tig. 2. For a Lewis Number of unity,
Method 2 is believed to be less accurate than Method 1,
since it involves ynore approximations to the real gas
propertics.

Far ather values of the Lewis Number, the effect of
Lewis Number on the heat-transfer parameter was found
by Method 2 to be best given by

(Nu \/Re), (.\’1:,’\/@)1‘:1 =14+
(L8352 — 1) (hy /b)) (60)

where the “dissociation enthalpy” hp is defined as

hp = Ze(=h® = ha Z ¢,
atoms

(61)

POINT HEAT TRANSFER

i.c., Irp is the dissociation enthalpy per unit mass of air
in the external flow.  The numerical results are plotted
in Fig. 3 for comparision with Eq. (60).

It was also possible to determine the cffect of Lewis
Number from the Method 1 computations by evaluat-
ing the additional tern in Eq. (37} involving (I — 1)
from the equilibrium properties of air. (The approxi-
mation for this evaluation is discussed in the Appendix.)
Two such cases were computed, and the results are
plotted in Fig. 3 for comparison with Eq. (60). While
there is some disagreement with the results of Method 2,
it is not too unreasonable considering the many different
approximations involved in fitting curves to the func-
tions /, ¢, cte. Tt is the authors’ opinion that the
AMcthod 2 solutions give a better indication of the Lewis
Number effect for the equilibrium boundary laver, as
embodicd in Eq. (60). However, for Lewis Number
unity the effect of pu variation is believed to be better
given by the results of Method 1 [Eq. (58)], so that the
total eflect may be obtained by combination of Egs.
(58) and (60) in the form

Aru/"\/m = 0'67(psllwlpwﬂu')o'4 X
{1+ (L0 — Dho/h)] (62)

The staguation point heat-transfer rate for o = 0.71
thus beconies, by virtue of Eq. (45),*

g = 0.94(pipr) ™ (pouts)®4 X I
{14 (0% = 1)0n/k)} (b — he)V/Wujdx),  (63)

It is interesting to note that the external flow proper-
ties are much more important than the wall values in
determining the heat-transfer rate, so that the uncer-
tainty in the heat transfer is about 40 per cent of the un-

* For o not equal to 0.71, it is recommended that the factor
0.91 be replaced by (0.76 ¢~0-8).
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Fic. 2. Correlation of the heat-transfer parameter Nu/ \'Re
as a function of the py rutio across the boundary layer, p.p“/puuw
for the equilibrium stagnation point boundary layer with L = 1.
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certiwnty i the external viscosity,  The physical reason
for the smportance of the external viscosity is that the
growth of the boundary layer, and hence the heat trans-
fer to the wall, depends mostly upon the external proper-
ties.  The analogy with turbulent boundary layers is
casily secn.

For a modificd Newtonian flow, the stagnuation point
velocity gradient is

(n ), = CRNZG = 5alim (64)

where R is the nose radius and p. is the ambient pres-
sure.

(9) Tue “FrozeEN” BoUNDARY LAYER

When atomie gas phase recombination is neghigible
(C; = 0), atoms diffusing from the free stream will
reach the wall. If the wall is wencatulytic to surface
recombination, the atom fraction at the wall will build
up to the free-strean value. On the other hand, if the
wall is cutulytic, the atom concentration will be reduced
to its equilibriunm value at the wall temperature. Inter-
mediate cases of wall catalyticity are of course possible,
but only these extremes were computed.

Eqgs. (31}, (35), and (36) were solved with ¢ = 0 for
various stagnation conditions and Lewis Numbers as
discussed in the Appendix (Mcthod 2).

For Lewis Number unity, the effect of the pu varia-
tion was very close to that found for the equilibrium
boundary Jayer by Method 2, and could suitably be ex-
pressed by Eq. (38). For other values of L, the de-
pendence could best be given by*

(Nu/A/Re) (Nt/AN/Re)p oy = 1 + ‘
(08 — 1)(hn/hy)  (63)

The calculated values are compared with Eq. (63) in
Fig. 4.

“The difference in the exponent of L for the frozen as
compared with the equilibriumn boundary layer [Egs.
(60) and (63)] is quite certain since exactly the same
property variations were used in both cases, and also
secms reasonable in view of the greater importance of
diffusion throughout the whole of the frozen boundary
Iayer. It can be scen, however, that for a Lewis Num-
ber not too far from unity there is little difference in
heat transfer for the frozen as opposed to the equi-
librium boundary layer.

A few cases for noncatalytic wall were also com-
puted. The resultant heat-transfer parameter could be
given approximately by Eq. (62) with L. = 0--i.e., the
heat transfer becomes proportional to b, — hp.

A comparison of the distributions of enthalpy, tem-
perature, and atom concentration for an equilibrium
and a frozen boundary layer with identical catalytic
walland free-stream conditions is shown in Figs. 5and 6,
Both cases give very nearly the same heat transfer;
however, the enthalpy distributions are slightly different
(since L = 1.4) and the temperature and concentration

* Note that Lees [see reference 7, Eq. (19)] suggested that, for
the frozen boundary layer, the exponent of L in Eq. (65) be 2/3.
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distributions are markedly different, as is the mechanism
of heat transfer.

(10) FINITE RECOMBINATION RATE

This most general case was solved using Method 2
with values of the recommbination rate parameter (C))
varying from zero (frozen) to infinity (equilibrium).
As for the frozen boundary layer, the wall may be cither
catalytic or noncatalytic, and both of these alternatives
were calculated. Tt is to be expected, of course, that for
large values of €, (near cquilibrium) there should be
little eficet of wall catalysis, since few atoms reach the
wall.

The heat-transfer parameter for one flight condition
and wall temiperature is plotted in Fig. 7 for the com-
plete range of €. The solid lines are the totul heat
transfer for both catalytic (upper curve) and non-
catalytic (fower curve) surfaces. For the catalytic wall,
the fraction of heat transfer by conduction alone is
shown by the dotted curve, so that the freezing of the
boundary layer as recombination slows down (C; de-
creasing) is easily evident.

For either wall condition, €, must change by a factor
of 10! in order for the boundary layer to change from
substantially frozen to equilibrium throughout. Within
this region of variation of . €, the boundary layer will be
partly frozen (near the outer edge) and partly in equi-
librium (near the wall). Since the recombination term
[Eq. (36} ] varies as T35, and the temperature changes
by a factor of twenty between wall and external flow
for the case considered, large variations in the recom-
bination rate are possible across the boundary layer,
thus permitting it to be partly frozen.and partly in
equilibrium,

For the noncatalytic wall, the distributions of atom
mass fraction for several recombination rate parameters
are shown in Fig. 8. For C; very large, no atoms reach
the wall, all having recombined in the gas. For lower
values of (), some atoms reach the wall and, because
none recombine on the wall, a finite atom concentration
builds up. For (, approaching zero, there is no re-
combination and hence no concentration gradients
exist.

It can be seen in Fig. 7 that a much lower value of
is necessary to ‘“freeze’ the boundary layer when a
noncatalytic wall is used than would be the case other-
wise. Thisis caused by the “damming up” of the atoms
at the noncatalytic wall, resulting in greater recombina-
tion because of high local concentrations.

From Eqs. (57) and (63) it can be scen that, for a
given flight velocity (hence 7)), C, varies as the squaré
of the stagnation point density (and thus for strong
shock waves, as the square of the ambient density), and
also as the nose radius. Thus the boundary layer
would become frozen at a high enough altitude, this
altitude being less for sinall nose radii than for large.
In order to change from a frozen to an equilibrium
boundary layer, €, must change by 10, and thus the
density by 10%, which is an altitude change of about
100,000 ft.




A s LA i

st sk el st

S S

i

THEORY OF STAGNATION

POINT HEAT TRANSIFER

Fri. 3. Correlation of Lewis Number cffects on the heat-

transfer paramcter Nu/\fRe for the equilibrium stagnation
point boundary layer with L = constant # 1.
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librinm and a frozen stagnation point boundary layer with the
same externul flow and wall conditions, g, = 0.0123, cas =
[UR UL

o5 ; 4oy -
TOTAL HEAT TRANSFER
CATALYTH
: C WALL~\[
c4 , . — .. R A
el e
o3p- MON-CATaYTIC /0 -l T L
e WALL- L
7 | L+14
02 / e 0N
- B S R 2o i I FY-1 S
sy N O O £ Soom
t
011~ CONDUCTIVE PART OF HEAT TRANSFER -] —— ~——f—-—
TO A CATALYTIC WALL
°’3 0 T I e l-a T B a
o 0o © 0 0 wt o 10 ) 0 10

RECOMBINATION RATE PARAMETER C,

'y, 7 ”(‘:l(-lrilli\ftr paraincter ‘\'u/\/Rc for a boundary
"*I-H with ﬁmt}- recombination rates - -ie., various values of
“-"'"‘Tlf"lvll}nllllelull rate parameter €y, go = 0.0123, c45 =
Yoein o Note the reduction of heal transfer to a noncataly tic
woll for low values of Cy.

S, 1.3 -
Y -
© METHOD I x METHOD 2
« METHOD 2
—] - e
P o
e s oeés b
15% |£f & L2y 2
200 NS h.
22 H]
- I R —— e ]
- 10 —
0.2 0.3 0.4 [} (o] 02 03 04
os2 hy 063 hy
-} — L »I ————
W w0

Fia. 4. Correlation of Lewis Number effects on the heat-
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T 1 T
TEMPERATURE &ATIO 8
09 {l - 4./ [ U S

& ATOM MASS FRACTION C,

\EQUtLIBRIUM

FROZEN

4 18 18 20 22 24 26

F1c. 6. Comparison of temperature and atom concentration
distributions for an equilibrium and a frozen boundary layer with
the same external flow and wall conditions, g, = 0.0123, ¢45 =
0.459.

. 08 | RECOMBINATION RATE PARAMETER C, = O ]
Cost—r— | A
5 10 1 |~ i
= 04 _
<
& o3
172}

2 oz N
=
5 ol _
<

0 (U SO S —i _
O 02 04 06 0B 1O 12 14 16 18 20 22 24
) n

Frc. 8. Distributions of atom mass fraction in a stugnation
point boundary layer on a noncatalytic wall for several! values of
the recombination rate parameter G, ge = 0.0123, c4s =
0.536.

- e T TR T T TR L T

B R e T 4 i i e SN sl



JOURNAL OF THE AERONAUTICAL SCIENCES -FEBRUARY, 19358 45

(11) CONCLUSIONS

The Luninar stagnation point heat transfer in disso-
ciated air can be given by Egs. (63) and (63) for the
cquilibrinm and frozen boundary Tayers, respectively.
Fhese results were computed for a Prandtl Number of
071 and for a Lewis Number wlich was constant
throughout the boundary layer.

The major deviation in the heat-transfer parameter
from the low temperature, perfect gas value is due to the
vanation of pu across the boundary layer. The heat
transfer [Lq. (63)] is mainly dependent upon the value
of pu at the outer edge of the boundary layer.

1{ the wall catalyzes atomic recambination, the total
heat transfer is not much affected by a nonequilibrinnm
state of the boundary taver if the Lewis Number is near
nmty.

Ii the wall is noncatalytic, the heat transfer may be
appreciably reduced when the boundary layer is frozen
throughout-—i.c., when the recombination reaction
time becomes much longer than the time for a particle
to diffuse through the boundary layer. Since the ratio
of these times depends upon altitude and nose radius,
there is a scale cffect which determines the chemical
state of the boundary layer.

APPENDIN- -DETAILS OF TIE NUMERICAL SOLUTIONS

Method 1

The momentum equation for the stagnation point
boundary layer is given by Eq. (33)—namely,

(/fvm)v +/fvm + (],12)[(/)»» ‘p) —‘fy)g] =0 (:\-])

1f thermal diffusion is neglected (i.e., LT = 0) then
the encrgy equation in terms of the enthalpy becomes,
from Eq. (37),

[(/ "o)g,y + fgn +
{72 leulhy — 2. B — Dsi}, = 0 (A-2)

or
[((2/a)(1 + d)g,), + fg, = O (A-3)
where

o = Elru(hi - hlﬂ) "h.)](lli - ])(a‘\.l !ag)pi
= (L — D0, — h™(0c, N, (

where the subscript p denotes that the differentiation is
at constant pressure and it is assumed L; = L = con-
stant for all species.

In Mcthod 1, which is suitable only for the equi-
libriumn boundary layer, Eqgs. (A-1) and (A-3) were
solved simultaneonsly with the boundary conditions

J0) =0, f,(0) =0, f(=)=1
g(0) = g, gleo) =1

The functions 1, p,7’p and d were evaluated from the
calculated equilibrium propertics of air™ and by taking
the viscosity to vary according to Sutherlund’s formula
[sce Section £5) above]. For given external (stagnation

(A-4)

point) flow conditions these quantities were plotted as
functions of g.  For numerical computation it was con-
venienl o use analytic expréssions of the following
form:

I= pp/pupe = (0’ Vg) — (a:'g) (A-5)
plp=1—-—m1—g — % - (A6
d = (L= D20, — hOQc, D), = Bie ™™ (A7)

The constants «, 7y, 8 in each expression were deter-
mined by fitting these expressions to the cquilibrium air
calculations (see Ilig. 1).

Numerical solutions for this problem were obtained
on an BN 630 computer. The method of salution was
to pick values of [ (0) and g,(0) and integrate the
equations directly, recording the resultant asymptotic
values of f, and g for large values of 5. After three
such integrations an interpolation will produce better
values of /,,{0) and g,(0). The interpolation procedure
was repeated until the required conditions at “infinity”
were met —ie., f, = 1 and g = 1. This interpolation
was madc an integral part of the numerical program so
by starting with three initial guesses for f,,(0) and g,(0)
the program would run automatically to completion.

Tt should be noted that Egs. (A-1) and (A-3) are
formally identical with the stagnation peint equations
solved by Cohen and Reshotko!® except for the function
d [Eq. (A-1)]. If L. = 1, however, d = 0; thus by
specifying /. = 1,0 = 1,7 = 1 and p,’p = g, the stag-
nation point solutions given by Cohen and Reshotko
could be duplicated. (A table giving the specific values
of the parameters for which solutions were obtamed by
the method described above may be obtained directly
from the authors.)

Method 2

This method is a more general formulation in that it
allows compulation of the nonequilibrium boundary
layer. As may be expected, however, it involves more
approximations than the rather straightiorward proce-
dure of Mecthod 1.

In the nonequilibrium case, the concentration of the
various specics is not determined by the enthalpy and
the (known) pressure. Tt is necessary, therefore, to
add a continuity equation for cach species.  Further-
more, it is convenicnt to express the thermodynamic
properties in terms of the temperature and the con-
centrations of the species.  The encrgy@quation should,
therefore, be written in ferms of the temperature. To
make this problem tractable it was assumed that air is
a diatomic gas composed of “air” molecules and “air”
atoms with properties properly averaged between oxy-
gen and nitrogen.  The dissociation energy of an air
atom was taken to be the average dissociation energy in
the external flow [see Eq. 53] With this assumption
the problemt is reduced to the simultaneous solution of
three equations (momentum, energy and atomt con-
centration) and the thermodynamic properties are o be

" expressed i terms of the temperature and atom conecn-

tration.
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The momentum equation is still Eq. (A-3), w_ith '
p/p = 11+ ) (1 + o (A-R)
Fe= oo = [1/(1 4 )2 (0./0)F(0)  (A-0)

whure

Foay == (T.0,300)%13/(T 8 + 113)] +
3.7(7,6,/10,000)* — 2.35(T.6,10,000)*
and the stagnation temperature T, is given in degrees
Kelvin,  The function /(6) is a fitted curve giving the’
temperature dependence of the viscosity under the as-
sumption that the atoms and molecules have the same

collision cross-sections.
The energy crquation in terms of the temperature is,

from Eq. (36) with LT = 0,

[tcl a)8,), + cft, + (1/a)9, X
S En) Liisin + 12(du,/dx) ) 1 X
S(w/p) [ = hd)/EuTs] = 0 (A-10)

where €= Cp/Cpu

With the assumption of a simple diatomic gas and taking
1., = I. = constant, the third term may be rewritten as

(L1/0Y0,ca,[(Cps —

and the fourth term, using Eqs. (56), (57), and (613,
and taking hy = hy, becomes

Cilhp/Ep T [(ca® — cas®/0%*(1 + ca))]
Now Corr = (az/;[[){(—//g) + e—(Tl'/T)’}

where the exponential is the vibrational heat capacity
and T, = S00°K. for air; also

Cpa = (5/2)[6{/(J[/2)]

Cp .’l!) f‘/c-plr ]

Hence,
€ =¢,/6m = (10/T)ca + {1+ @/ e @1 = ca)
(A-11)
(Cpa — o) /B = (3/7) — (2/T)e” 7" (A-12)

For computation then the encrgy equation becomes
[(c!/a)8,), + cf0, + e(Ll/a)0,cay + C:Com = 0 (A-13)
where

I = pu/peie = [1/(0 + c) P20,/ F0),
see Eq. (A-9)

e = (Cox — Cp3)/Epw = (3/7) — (2/7)e 00"
¢ =0 Cw = (10/7)ca +
{14+ @/De ™ = e
C, = parameter, sce Eq. (57)
C: = hyp/é,T, = parameter, sce Eq. (61)
m = (ca? — car?)/0%(1 + ¢4)

The equilibrium atom mass fraction ¢4p can be deter-
mined from reference 11, For computation cap was
approximated by

C(1-1/6)

Cap = Cas€ (A-14)

wlere C; is a constant,

POINT HEAT TRANSFER

The continuity equation for atoms was written in
terms of the atom mass fraction ¢4 instead of the nor-
malized atom mass fraction s. Thus Eq. (34) becomes

[(IL/0)ca,ty + feay —

or

(UL 0)enq)y + fea,— Cim =0 ’

Method 2 for the nonequilibrium boundary layer is
the simultancous solution of Eqs. (A-1),. (A-13) and
(A-16) with the boundary conditions

) =0, f,(0) =0, f=)=1
0(0) = Oy, 0(00) =1

(A-16)

¢ (0) :AO for catalytic \\"a‘ll » 1 (@) = 1y
£4,(0) = 0 for noncatalytic wallf

Solutions were obtained on a digital computer using an
iterative procedure similar to that used in Method 1.
The limiting case of the equilibrium boundary layer
was obtained by Method 2 by eliminating the term Cin
between Eqs. (A-13) and (A-16) and solving the result-
ing equation simultancously with Iq. (A-1), taking the
equilibrium atom concentration as a known quaniity in
the form of Eq. (A-14). The limiting case of the frozen
boundary was obtained by putting G == 0.*
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RADIATION HEAT TRANSFER TO
HYPERSONIC VEHICLES

RoLAND E. MeyeErOTT
Lockheed Missile Systems Division
Palo Alto, California

A survey is made of what is known about the emission characleristics of air al fempera-
tures and densilies of inlerest for radiation healing in hypersonic flight. The problem
is illustrated by considering fwo examples which should cover the range of interesi: a
locally hemispherical ballistic missile nose re-entering the almosphere, and a sphere used
as a circumlunar carrier under extreme re-entry conditions. These examples are followed
by a survey of the existing theory of emissivity of air and an analysis of recent experi-
mental data. -

INTRODUCTION

TuE so-called “acrodynamic heating’ associated with vehicle re-entry into
the atmosphere has received wide attention of late. Temperatures have been
reached which produce considerable Juminosity in the surrounding air and
which, in fact, require consideration of the radiative transport as one of the
factors determining the temperature balance of the re-entry vehicle.

Since the radiation heat transfer is determined by the emission properties
of heated air, the present paper is designed to be a survey of what is known
about the emission characteristics of hot air. Our knowledge of the emission
properties of air is derived from only a limited amount of experimental data,
supplemented and interpreted by a considerable amount of theory, so that a
rcasonably complete discussion of the problem becomes Jengthy and involved.
In order to preserve the continuity of thought in the paper, the introductory
discussion of heat transfer by convection and radiation will be followed by
conclusions as to their relative importance for two examples which should
bracket the range of interest. The results of the remainder of the paper will
be employed in making this comparison. The remainder of the paper will
attemnpt to summarize our present state of knowledge of the emission and
absorption properties of hot air.

AEROTHERMODYNAMICS OF HYPERSONIC BLUNT BODIES

When a blunt-nosed vehicle passes through the air at hypersonic speeds, an
overall pattern of air flow results as shown in Fig. /. The intense compres-
sional heating and acceleration of the air are accomplished by the detached
bow shock wave, Upon traversing this shock, the air enters the shock layer,
which is, in fact, the high-temperature environmental source for the heat

_transfer. Since the radiation heat transfer is greatest at the stagnation point,

\we shall limit our discussion to that region. The thickness of the shock layer.

Reprinted from AGARD Third Combustion
and Propulsion Colloquium, pp. 431-447
By Permission
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at the stagnation point, i.c, the stand-otf distanee 8, depends upon the radius
of the curvaturc R of the nose cone and p,/p,, the air density ratio across the
shock. It has been shown to be approximately

6:RP1/P2 (N

The temperature in the shock region is reasonably uniform across the
shock layer except for the extremely thin boundary-layer profiles immediately
adjacent to the surface. The temperature and density of the air in the shock

SHOCK LAYER

"~ SHOCK FRONT
FLOW FIELD

~ TRANSITION

Fig. 1. Flow pattern around hypersonic vehicle nose

layer depend upon the velocity of the missile and the temperature and
density of the ambient air. The convective and radiative heat transfer
depend on density and missile velocity in a different manner. At the stag-
nation point, the convective heat flux, assuming a laminar boundary layer
¢., depends to a good approximation on air density p, missile velocity U, and
radius of curvature R, as

g. ~ (p[R)PU? (2)

while a fit to the emissivity of air data gives for the radiative heat transfer

at the stagnation point
g, ~ pRRUN® (3)

We sec here that the radiative heat transfer will be relatively more important
for blunt bodics, high velocities, and high densities.

The situation in which one is most likely to be concerned with the radiative
heat transfer occurs during re-entry of vehicles into the atmosphere. Under
re-entry conditions, the radiation contribution is likely to be largest at
intermediate altitudes (70,000-200,000 1) where the velocity of the missile
is still high but where the ambient density of air is appreciable.

In order to be more specific, we shall consider two examples to illustrate
the problem and the magnitude of the radiation heating contribution.

Example 1: A locally hemispherical ballistic missile nose of radius of
curvature 2 ft with a re-entry velocity around 25,000 ft/sec at 120,000 ft
altitude. We shall only consider the heat load for typical weight/drag
situations.

Example 2: A sphere used as a circumlunar instrument carrier of 181in,
radius re-entering the atmosphere at normal incidence with a speed of
35,000 ft/sec. This case has been treated by Gazrey and Masson! and
illustrates the magnitude of the heat load for extreme re-entry conditions.
For the ballistic missile example, typical shock-layer conditions at the

stagnation point for pcak heating are temperature and density in the range

8000°K, 0-075 of normal atmospheric density to 7800°K, 0-295 of normal
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Fig, 2. Heating rate during direct re-entry of circumlunar vehicle

atmospheric density respectively with stand-off distance of about 16 in. for
the spherical nose of 24 in. radius of curvature. For the circumlunar instru-
ment carrier, the corresponding conditions are temperature and density in
the range 11,000°K, 0-014 of normal atmospheric density to 7500°K, 0-43 of
normal atmospheric density with stand-off distance of about 1-2 in. for the
sphere of 18 in. radius.

For the ballistic missile case, the peak heating occurs for typical conditions
at altitudes in the neighborhood of 100,000 ft. Typical convective heat flux
for a laminar boundary layer at the stagnation point is 775 B.t.u./ft? sec while
the radiation heat-transfer flux is 75 B.t.u./fi3 sec. The radiation heat flux
contributes only about 10 per cent to the heat load for this case.

For the circumlunar vehicle, the surface heating rates as computed by
GazLey and Masson! are shown in Fig. 2. At altitude from 70,000 to
150,000 ft, the principle contribution to the heat load is that due to radiation.

The results quoted in the above examples are based on the experiments
and theories discussed in the remainder of the present paper. It can be said
that, for the ballistic missile case, the radiation heat transfer is sufficiently well
known that its relative unimportance can be demonstrated. For the circum-
lunar vehicle case where, as we have seen, the radiation heat transfer
predominates, there is still enough uncertainty in our knowledge of the
emission cocfficients of air to limit the accuracy of that calculation. At the
higher temperatures and lower densities there may be uncertainties of as
much as a factor of 2 in the emissivities and hence the radiation heat transfer.

CALCULATION OF THE RADIATION HEAT TRANSFER
FROM THE ABSORPTION COEFFICIENTS

We shall consider the radiation heat transfer at the stagnation point only,
where the radiation heatload is greatest. The radiating gas will be considered
to be an infinite slab of thickness equal to the stand-ofT distance 8, of uniform
temperature T, and density p,, equal to the stagnation
temperature and density of the gas. It will be assumed T,
that the collision frequencies will be sufficiently high so
that a true particle temperature exists, i.c. local thermo-
dynamic equilibrium. T e

If J,(6) is the energy in the frequency range between |7 .~
v and v -}- d» incident per unit area into a solid angle |~
dw making an angle § with the normal to the slab, then é
I, is given by < >
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L(0) = B,(T,) [l — cxp (—p 8 scc 0)] (4)
#r = pty [ — exp (hv[kT,)]
where

H, is the absorption coefficient at frequency v,
h is Planck's constant,
B,(T) is the specific intensity for a black body

D(T) dv = (afm) TP (x) du,
where u = W[kT,

o is the Stephan-Boltzmann constant,

P(u) du is the fraction of the energy of the Planck spectrum which lies in the
frequency range between ¢ and u -} du,

The total energy g, transferred per second to a unit area of the surface is

@ =2
3, = 2m f dv f A,(0)1,(8) cos 0 sin 0 dO (5)
0 1]

where
A,(0) is the absorption cocflicient of surface at the angle of incidence 0
and frequrncy ». Using Eq. (4), Eq. (5) becomes

® =/2
= 21rf B(T,) dvf A(0)[1 — exp (— ! &scc 0)] cos Osin 0dO (6)
1] 0

For points on a missile other than the stagnation point, the present treatment
does not approximate the true situation since I, depends upon the azimuth
angle @ as well as 0 considered here.

The expression for the total radiation flux F incident on the surface can be
obtained by putting the reflexion coefficient A,(0) equal to unity. When
11,0 < 1, the expression for the flux F is approximately

Free2mé J;m B, (T) dv N
According to the definition of B,(T'),

F~260T4 J;w py P(u) du ®
Hence, we sce that for u;6 <€ 1, the emissivity € becomes

€ =29 f o P(u) du (9)
0

As can be scen from Eq. (6), the radiation heat transfer can be cvaluated
provided one knows the absorption coefficient g, for all frequencics at the
required temperaturc and density. Most of the remainder of this paper will
be concerned with a discussion of our present knowledge of the absorption
and emission cocfficients of air.

ABSORPTION AND EMISSION PROPERTIES OF AIR
Theory

There arc a large number of constituents present in dry air in the tempera-
ture and density range of interest for the present problem. The most
important of these according to abundance are Ny, O,, NO, NO,, N, O, O-,
Ng, OF, NO+, N+, Of, CO,, CO and CN. The contribution to the
absorption cocflicient made by cach constituent at a given temperature and
density is determined by its concentration at that temperature and density
and by its radiation propertics. The concentrations of the important specics
arc now well known from the work of Gitmore;? thus the problem is
reduced to that of determining the radiation propertics of cach species,

The contributions to the total absorption cocflicient can be conveniently
divided into two classes: those arising from the continuous absorption
transitions and those arising from the discrete transitions, i.e. linc spectra.
The contributions from the continuous transitions depend only on the
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/ vober for the transition, while those from the discrete transitions depend
tiosp the line widll sn' spacing as well as the f~number,

Sanrineiis absu stion * -oss-sections—The  contributors to the continuous
w corflicinpt L importance are NO,, photoclectric absorption by
1 aad frre-tide absorption by electrons in the ficld of both positive
vizen ~ad nitrogren atoms,  Only those species will be considered
; importance for temperatures in the neighborhood of 8000°K of
Wb rpat for radiation heat transfer in hypersonic flight.

Y+ Photoelectric cross-section—The photoclectric cross-section of O ~ has been
Me4cyeed by Branscoms and Syru® They used an analyzed beam of O~
1oiis i 4 mass spectrometer and have measured the photo cross-section from
tis apparent threshold of 1-45 -3 ¢V. A fit to their experimental cross-
5¢viihn, g in cm?, in this cnergy range is

1018g = —26-4 - 23-7¢ — 3-82¢? (10)

B Y

wWhioboar of

Wi ¢ is the photon encrgy in clectron volts. This experimental cross-
5Cdin gs in rough agreement with that computed by Bares and Massey 4
Uit ruma 1y, neither the experimental nor the theoretical values are
A ikble for € > 4 eV, The theoretical work of Bates and Massey indicates
THosening off of the-civss-section at around 4 V. At very high energy, by

sl e i ather pnosto cross-sections, one would expect that the cross-
) i‘ >
“Biinn would vary approximately as €3, We have available an approximate

SWi pyle sorog that, for one clectron transitions, Zf~ 1. This may be
e irted to b the order of magnitude of the sum in this case, although since
O jderable polarization is involved in the O~ binding cnergy, the sum may
Vi exceed unity,

) rrasonable estimate of the entire cross-section can be made by using
by 10) from 1-45 to 3 ¢V, assuming a constant cross-section from 3 ¢V
W svine point €, and one varving as €3 from ¢, to 0. One can use the sum
1k evaluate €, which turns out to be 73 ¢V, making the cross-section for
€ Birater than 7-3 ¢V

. e 1017g = (7-3)%°
YN, N, Photoelectric cross-sections—The photoelectric absorption by O,
441 N, in their excited states lics in the frequency range ol interest for the
Ptesrnt problem. The photoclectric cross-section can be written
_ 4r?add df

OPE = TZT &y (11)

whi re
= fine structure constant
#, = Bohr radius for hvdrogen

¢, == effective charge (to be taken as unity in the present application)
dig, = change in f~-number per Rydberg

bar the present application, we are interested in transitions from the
€Xvited states of O, N and N, from levels that would correspond to principal
“4Y-utum number n = 3 or higher in hydrogen. Since the excited states more
Tuwed, approximazte the hvdrogen-like situation than the ground state, dffdr
5 Cimated by comparison with the hydrogen-like case. The photoelectric
Cfhe section varies approximately as ¥~2 from any particular photoelectric
(t‘ib'-, which implies the same variation in df/dv. For hyvdrogen, levels of
Ptiveipal quantum number 1 ~ 3 have a total f-number in the continuum
©Uobyut 0-2, We use these facts to evaluate dffdv. This gives
dffdy = 0-42? (12)
whipe v, is the frequency corresponding to the ionization energy of that level
““pirssed in Rydberg units. The photoelectric absorption coefficient is then
ppp = N, 1-6n2 add () (13)
W“lere Ny is the number of atoms or molecules per cubic centimeter in the
’“"‘" 7, and » is the frequency expressed in Rydherg units. Expression (13)
P+ licts the absorption coeflicient of ncon in the ground state for a frequency
©F+ .- 1 Rydberg above the absorption cdge 10 within a factor of 2.
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J-nmmber for the travsition, while those from the discrete transitions depend
upon the Tine width and spacing as well as the f~puinber,

Continuous absorption cross-sections—The contributors to the continuous
absorption cocflicient of importance are NO,, photoclectric absorption by

"0, O, N, and [ree-free absorption by electrons in the ficld of hoth positive

ions and oxygen and nitrogen atoms. Only those species will be considered
which arc of importance for temperatures in the neighborhood of 8000°K of
intercest for radiation hcat transfer in hypersonic flight.

O~ Photoelectric cross-section —The photoclectric cross-section of O ~ has been
measurcd by Branscoms and Smiti.® They used an analvzed beam of O~
jons in a mass spectrometer and have measured the photo cross-section from
the apparent threshold of 115 -3 ¢V. A fit to their experimental cross-
section, o in cm?, in this encrgy range is

1018 — —26-4 -} 23-7¢ — 3-82¢* (10)

where ¢ is the photon energy in clectron volts. This experimental cross-
section is in rough agreement with that computed by BaTes and Massey 4
Unfortunately, neither the experimental nor the theoretical values are
available for € > 4 eV. The theoretical work of BaTes and Massey indicates
a flattening off of the cross-section at around + V. At very high encrgy, by
analogy with other photo cross-sections, one would cxpect that the cross-
section would vary approximately as 3. We have available an approximate
sum rule stating that, for one electron transitions, £f= 1. This may be
expected to be the order of magnitude of the sum in this case, although since
considerable polarization is involved in the O~ binding energy, the sum may
even exceed unity.

A reasonable estimate of the entire cross-sectién can be made by using
Eq. (10) from 143 to 3 ¢V, assuming a constant cross-scction from 3 eV
to some point ¢, and one varying as €3 from ¢, to 0. One can use the sum
rule to evaluate ¢, which turns out to be 7-5 eV, making the cross-section for
€ greater than 7-3 eV

107 = (7-3)%°

O, N, N, Photoelectric cross-sections—The photoelectric absorption by O,
N and N, in their excited states lics in the frequency range of interest for the
present problem. The photocelectric cross-section can be written

2
Opg = ?i:io ¢ (11)
g Z: dv
where
x = fine structure constant
a, = Bohr radius for hvdrogen

Z, = effective charge (to be taken as unity in the present application)

df'dr = change in f-number per Rydberg

For the present application, we are interested in transitions from the
excited states of O, N and N, from levels that would correspond to principal
quantum number r = 3 or higher in hydrogen. Since the excited states more
nearlv approximate the hvdrogen-like situation than the ground state, dfjdv
is estimated by comparison with the hyvdrogen-like case. The photoclectric
cross-section varies approximately as ¥=3 from any particular photoelectric
edge, which implies the same variation in df/dv. For hydrogen, levels of
principal quantum number n ~ 3 have a total f-number in the continuum
of about 0-2. We use these facts to evaluate dffdv. This gives

dffdv = 0-47? (12)
where v, is the frequency corresponding to the ionization energy of that level
expressed in Rydberg units. The photoelectric absorption coefficient is then

dpp = N 1-672 adf (12)»?) (13)

where N, is the number of atoms or molecules per cubic centimeter in the
state 7, and ¥ is the frequency expressed in Rydberg units. Expression (13)
-predicts the absorption coefficient of neon in the ground state for a frequency
of v .= 1 Rydberg above the absorption edge 1o within a factor of 2.
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Free- free absorption in the field of positive ions—Yor the Trée<Jree absorption due
to clectrons absorbing radiation in the presence of lons, we use the Kramer
formula for hydrogen 1ons with the clfective charge Z, == 1. The absorption
coefficient for free—free transitions, s1,, can be approximated by?®

_I6mzE e N, N¥ "
Pt = 7373 he(2am)o (KT)E 37 (14)

where

Z, is the cffective charge = 1

N, is the number of electrons per cm®

Nt is the number of positive jons per cn?

¢, h, m, c and k are respectively the electronic charge, Planck’s constant,
mass of clectron, the velocity of light and the Boltzmann constant,

The line absorption coefficient—The line spectrum of importance for this
temperature and density region in air is the many-line spectra associated with
the clectronic transitions in the diatomic molecules of Ny, Ny*, NO and O,.

The absorption coefficient fiy, o7 yog- corresponding to a transition in the
molecule from clectronic state m to a, from vibrational level ¢” to o, and from
rotational level J” to J’ can be expressed as8

1Dl
U ,,_,::E,, e e N ,,EM(_ (15)
mn,o"e" J°J e mn,o7e’ J°J m,v".J 0J* _{41 .

where
the summation is over all values of magnetic quantum numbers M’ and
M, Vyn o g-g- 1s the light frequency,
N, oy is the number of molecules per cubic centimetre in the initial
statc m, v", J”,
h and ¢ are respectively Planck’s constant and the velocity of light,
& is a shape factor for the line such that fy,, Fdv = 1 and,
D is the dipole matrix element.
When the total wave function is expressed as a product of an electronic
function, a vibrational function, and a rotational function, the dipole
matrix clement D, can be written

R=D Dy . DI (16)
The following sum rules hold
C s 1P

YL 17
.%M'ZM' 2)" 41 (7

and .
2 [Dub =1 (18)

F2

If ptyan oo g-y- in Eq. (15) is multiplied by dv and integrated over cach line,
summed over final rotational states J’, and summed over all initial rotational
states J”, we obtain the absorption coefficient integrated over the band,
Hun,oves Which is
8 \4 nml2 v'v")2
Hun,o0* — % Viun, "o N le ] : Il)vlbl (lg)

Vunye 3 some average value of »,, - g-y.  Since rotational energies arc
very small compared to clectronic excitation encrgies, this result is insensitive
to the particular average chosen to evaluate this quantity, N, is the total
number of molecules per cubic centimeter in the clectronic states m and
vibrational states o7,

‘Y:nv' = JZ ‘Vm.v',.]' (20)

If ptyn o in Eq. (19) is summed over final vibrational states ¢/, and then
over all initial vibrational states »", we obtain the absorption coefficient
integrated over the entire band s<vem g1,

HEEA
Hopn = 5’7; ‘\m Vn ’D;lmlz (21)
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Where v, is the same average frequency for the electronic transition, and
N, is the number of molecules per cubic centimeter in the initial electronic
state m,

JV,,, = z ‘vmn' (22)
v

By analogy with atomic transitions, onc can define an_finumber for the
clectronic transition as

8ntm
./;om == W Vam ID‘nmlz (23)
where
g m is the clectronic mass and
3 ¢ is the clectronic charge
? H mn becomes
3 2
! e (24)

—_ \ -
ﬂmu - ‘\ LRl

=

which is the usual expression for the integrated absorption for line spectrum
in atoms.. As in the case of atoms, for one electron spectrum

i Sfine=1 (25)

JInm T
n

The average absorption coefficienti—The absorption cocflicient averaged over
a frequency interval Ar can be written

1 1
3 adr = = ‘["/4 dv (26)

If the region in question contains lines, the integral in Eq. (26) will be
converted to an integral over each line and a sum over all the lines in the
interval. According to Eq. (15), the integral over the line gives unity {rom

the definition of §, so that 4" beeomes for the case of lines
: 307 o= — dv 27
# A"AEv: llne'u ( )
7 ‘ Using Eqs. (17) to (23) the absorption cocflicient averaged over a band of
1 width, Ay, is
1 car TS oot .
: = By Yo I (28)

The average over a frequency interval that contains many bands can be
written approximately as

74" = -l—- s zTiz_f N _. ID"""I2 (29)
B = Ry & e S nmY me [Pvib

where the sum is over all bands that lie in the frequency range Av. Equation
(29) is only approximate as the boundary of the interval Ay may not
coincide with one end of a band.

The average absorption coefficient is a significant quantity only when the
region in question is optically thin, e.g. so that there is no self-absorption of
the radiation in any of the lines. In such sources, this average can be used to
predict the emissivity. In other cases, this average is uscful in determining
E the conditions under which the particular band system will be obscrvable,
1 If the average absorption cocflicient for a band system is not less than, say,

an order of magnitude smaller than the continuous background, the system
may be observable if the lines are sharp. This point will be discussed further
in the section on linc widths and spacing.

The average absorption cocflicient for most of the important diatomic
molecules can be computed to within a constant (the electronic f~number)
with fair accuracy over most of the frequency range of interest. Through the
work of NicHorrs and co-workers? the vibrational transition probabilities,

' [DYE?, arc reasonably well known. For the NO g- and y-band systems,
cxtensive calculation of this quantity has also been made by KiveL ef al.®
The electronic fonumbers, howevér, are not known from theory, and
recourse to experiment is nceded for their evaluation. They are expected
to be of the same order of magnitude as the atomic f~-numbers for similar
transitions, 0-1-0-2, for allowed transitions.
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-RECENT CONTRIBUTIONS STIMULATED BY THE
o . HYPERSONIC FLIGHT PROBLEM

The preeedi - . seoretics” and experimental results formed the basis of the
work by Mevereri ® In that work, 0-2 was taken for the electronic f-
numbers for all molecular electronic transitions, With the observation by
TerLLer!® that f~numbers of this order of magnitude would make the radia-
‘tion heat transfer of importance, this work reccived new impetus. At
around 8000°K and normal air density, the most important single contri-
butor appeared to be the 8- and p-band systems of NO. The N; first and
second positive systems and Nt first negative system also appeared to be
worthy of consideration. Possible contributors to the continuous absorption
of importance were photoclectric absorption by O—, O, N and N, and frce-
free absorption by clectrons in the fields of both positive ions and O.

Analysis of the work by MArMOo!! using absorption techniques with room
temperature NO indicated that the f~numbers for the §- and y-bands were
considerably less than 0-1. TFurther work by WEBeR and PeEnner!? and also
by Hurowrrz!? using similar techniques has established the electronic f-
numbers for both the 8- and y-band systems of NO to be of the order of
0:002. Weber aw Praner obtain a value of 0-0025 for the electronic
J-number of tlsw4is0ds zud Weber has shown that the electronic f~number
for the B-bands T §xiact ‘thian 0-008. As we shall see, this is also in fair
agreement with high-temperature results,

No reliable estimate existed for the free-frec cross-section for absorption by
clectrons in the presence of neutral atoms of O and N. This has now been
computed by HAMMERLING ef al'% This contribution is appreciable at
wavelengths longer than the photoelectric edge of O-.

The remaining species make contributions to the absorption coefficient by
absorptions from cxcited states so that some other techniques must be
employed to evaluate their contribution. The most promising are those used
by the AVCO Research Laboratory15 which center around the use of the
shock tube. The shncl tbe is used to obtain a sample of gas at a known
temperature and d ity which can be used as a source to make emissivity
measurements. Such a sample is prepared by creating a shock wave which is
reflected off the end of the shock tube. This creates a gas sample of essentially
constant temperature and density which are known from hydrodynamic con-
siderations and whose thickness increases linearly with time. The measure-
ments reported by the AVCO group are for air at a temperature of 8000°K, a
density of 0-85 that of normal atmospheric density and of thickness up to 3
cm. These measurements include time-resolved emission spectra taken with
a drum camera and absolute intensity measurements as a function of time
and frequency made with phototubes and a monochromator. The results of
the absolute intensity measurements are shown in Fig. 3. The intensities
shown are for a gas sample | cm thick. The measured intensities show a
linear increase with time which is due to the linear increase of reflected shock
thickness with time. This implies that there is little self-absorption in the
sample and that Eq. (9) for small g,8 is valid.

The theoretical emissivity is also shown in Fig. 3. The various contri-
butions to the emitted intensity are shown in Fig. 4. The major contribution
to continuous absorption is due to photoelectric absorption of O-. At
wavelengths longer than the O~ photoelectric edge, the O and N free—{ree
transitions are the predominant absorbers in the continuum. For the
discrete spectra, the NO §- and y-bands have been computed with an clec-
tronic f-number of 0-008 and 0-0025 respectively. Subtracting these
contributions, the remainder of the absorption is due to N, first and second
positive bands, Ng first negative bands, and O, Schuman-Runge bands. In
order to fit the data, the electronic f-number for the N, first and second
positive bands were estimated by the AVCO group to be 0-07 and 0-02,
respectively. The electronic f~number of the O, Schuman-Runge bands is
known to be 0-259 from the work of DrrcHpurN and HeppLE.18
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RADIATION HEAT TRANSFER
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The presence of the CN red and violet bands in the spectra is expected,
since there is carbon present in normal air in the form of CO,. However,
since the normal concentration of carbon is only about two carbon atoms in
104 air atoms, a small amount of oil impurity could easily contribute un-
known amounts of carbon much in excess of that occurring naturally.

T« 8000°K
r.10"3 Ly
1
0% BLACK BODY

L]
8
g
x
~
E .
~
F
«<
>

005}

Oz -
MI__ LI: Pl N
A e
3 1 T U S T T
o 02 03 o4 o5 08 (%4 o8 09

WAVELENGTH { MICRONS }
Fig. 5. Theoretical emissivity at T = BOOO°K and p = 1077 p,

Unfortunately, the CN violet band system overlaps the N first negative
system, so that the possible carbon impurity eliminates a good evaluation of
the f-number for the Ng© first negative band system. The contribution from
the N first negative bands has been computed using an f-number of 0-2 and
is also shown in Fig. 4.

For the purpose of scaling to other temperatures and densities, the emission
characteristics of air at 8000°K and 10-? normal density, and 12,000°K and
normal density and 10-3 normal density are shown in Figs. 5, 6 and 7,
respectively. It can be seen that the relative importance of the various
species changes. At 8000°K and 10-3 normal density, the relative impor-
tance of Nj first negative bands increases, O~ hecomes unimportant, and the
photoelectric absorption from the excited states of N and O appears to be a
contributing factor. The CN violet band system will be unimportant at this
density. At 12,000°K normal density in addition to the N, first positive and
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second positive band systems, the N3+ first negative system, and O- photo-
electric absorption, the photoclectric absorption from the excited states of
N and O as well as free-free absorption by electrons in the field of positive
ions contribute to the absorption. At 12,000°K and 10-3 normal density, the
molecules are dissociated and the only remaining contributors are free-free

T+i2 000
Peiy

1710 BLACK BODY

WATTS/STERADIAN /CM’/ MICRON
§
L1

3000}

WAVELENGTH ([ MICRONS)
Fig. 6. Theoretical emissivity at T = 12,000°K and p = p,

absorption by clectrons in the field of positive ions and photoelectric absorp-
tion from the excited states of N and O.

While the work by the AVCO group has answered some of the most
important questions about the absorption propertics of air in this tempera-
ture and density range, it scems clear that measurements at more than one
temperature and density and on mixtures to isolate particular contributors
are needed to complete our understanding. The contributions of O- photo-
clectric absorption, N4t first negative bands and CN bands are not evaluated,
or only poorly cvaluated, at normal density and 8000°K. At lower density
and higher temperature the contributions due to the photoelectric absorption
of O and N in their excited states as well as free~free transitions from electrons
in fields of positive ions are only poorly known by the theory outlined here,
There is also the possibility that some constituent other than those presently
considered might be a dominant one.
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LINE WIDTHS AND LINE SPACINGS FOR
THE DISCRETE TRANSITIONS

The cnergy emitted by a hot sample of air is proportional to the thickness
of the gas sample provided that y,8 in Eq. (4) is small. The results so far for
the discrete transitions refer to some average absorption coefficient which
results from an average over the lines, as indicated in Eq. (29). In estimating
the emissivity from thick gas sample, one needs to have the absorption
cocfficient for each line, which depends upon the line width through the
factor § in Eq. (15). An estimate can be obtained for the average absorption
coefficient in each line from the average absorption coefficient A% in the
following mannecr.

If 17 is the width of the lines at one-half maximum intensity and S is the
mean line spacing, the fraction of the space covered by lines will be W/S§, and
the average absorption cocfficient of a line will be (S/IW)u4r, Conversely,
the emissivity in each can be computed for thin samples by multiplying the
local average emissivity by the factor I¥/S. If this approaches the black
body result, saturation effects set in, and the sample can no longer be
considered thin.

The line spacing depends on the temperature and the nature of the
transition for each species. This can be obtained by estimating the spacing
at the peak intensity for the rotational lines. In Table I the spacings are
estimated for several of the band systems. Overlapping from adjacent
vibrational bands has also bzen included.

The line widths depend on the temperature, density, the states involved
in the transitions, and the gas mixture. At low density the width is due to
the Doppler effect; at high density the width is due to pressure broadening.
MARGENAU'? has estimated the pressure broadening of the NO-band lines
due to N, and obtains W = 0-3 cm~!/atm of N,. This is expected to be of
the order of magnitude of the widths for the other systems considered here.
Line width mcasurements on cold NO have been made by WEBER;!® he

Table 1. Line spacing, Doppler widihs, and ratio at 8000°K

Band system S(em-1) W(cm™1) SiW
NO B-bands 2-60 0-36 72
NO y-bands : 1-00 0-48 20
N, first positive 0-47 0-18 2-6
N, second positive 0-60 0-36 1-7
N,* first negative 1-40 030 47

§ = Mean linc spacing
W = Width of lines at half maximum intensity
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finds the width at half maximum to be 0-10 em~1/atm at 2908°K for the
y-bands. He also finds, for the vibration rotation bands a width of 0-08‘
cm~lfatm. Using micro wave techniques, BERINGER and CAsTLE! obtain a
width of 0-11 em~1/atm for the rotational lines. There are no data on the
line widths for the bard systems of N, and N . The calculations of Margenau
would indicate that the line widths of lines in these band systems should be of
the same order as those of NO.

The contribution to the width of the lines due to the Doppler effect at
8000°K is 0-12 cm~1, 0-24 cm~1, 0-38 cin~! and 048 em™! at 1-0, 0-5, 0-33
and 0-25 g, respectively. It would appear that at normal density the Doppler
width might be taken as a fair cstimate of the width, These widths and the
ratio §/IV are also included in Table 1. Since the strongest bands may be of
the order three times as intense as the average intensity from any band
system the peak absorption from these band lines may be as much as
3(S{1W) p.

CONCLUSION
The progress made in the determination of the absorption and emission
coeflicients of air in the past 2 years is encouraging. Preliminary valucs of the
most important f-numbers for several molecular transitions are now known.

For thick gas samples when g,4 is not small, one must use Eq. (4) to deter-
mine the intensity of radiation. Calculations of the emissivity of NO have
been made by Kiver, Maver and Betne,® and by TuomsonN.® No calcula-
tions for thick samples exist which include the other important species contri-
buting to the cmissivity of air. A continuation and cxtension of present
techniques will certainly yield the remaining values of importance to radiation
problems. Sources are now available for the study of line widths of mole-
cular lines. In the next ycar or so these line widths will probably be well
determined. When this is done; reliable tables can be derived for the
radiation heat-transfer problem.

The author would like to acknowledge the stimulaling discussions with Dr. Bennet
Kivel, Dr. James Keck, Dr. Arthur Kantrowitz, Dr. S. S. Penner, and Dr. Carl
Gazley, Jr., during the preparation of this paper. He is also indebted to Dr. Daniel
Bershader for much of the introductory malerial on convective heat transfer and to Roy
Berg and Dr. . Sokoloff, for carrying out the computations.

SOMMAIRE

On passe en revue ce que Uon connaft actuellement sur les caraciéristiques d’émission de
Lair & des températures et des densités de ordre de grandeur de celles intéressant
Uétude de Déchauffement par rayonnement au cours du vol & des vitesses hypersoniques.
On illustre le probléme en étudiant deux problémes particuliers couvrant Iensemble
du domaine intéressant: le nez d’un engin balistique, localement hémisphérique,
rentrant dans Uatmosphére et un vehicule sphérique circumlunaire rentrant dans Patmo-
sphére sous des conditions irés sévéres. Ces exemples sont suivis par une revue des
théories existantes sur le coefficient d’émission de lair et une analyse des résultats
expérimentaux les plus récents.
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THE COUPLING OF RADIATION AND CONVECTION IN
DETACHED SHOCK LAYERS*

R. GouLARDY
Purdue University, Lafayette, Indiana

(Received 13 February 1961)

Abstract—Recent studies have shown that for sufficiently high rc-entry speeds, radiation energy transfer
from high temperature air becomes an appreciable part of the total energy transfer to the nose of the
re-cntry body. This note is concerned with the effects of this fluid encrgy loss on the energy distribution
in the shock layer and, therefore, on the convective and radiative fluxes at the wall. A nondimensional
parameter is shown to govern the resulting coupling between radiative and convective fluxes. The first
approximation which consists in assuming a constant stagnation temperature layer is shown to be acceptable
for most ballistic and earth satcllite re-entry problems. For larger velocities or dimensions (e.g., planetary
probes and heavy mcteors), radiation losses become important and it is necessary to include the radiation
terms into the equations which determine the flow field.

LIST OF SYMBOLS

a radial velocity gradient in the shock layer (equation 1)
c, specific heat at constant pressure

E Poo Ueo hess energy flux across the shock (equation 13)
F equation 14

h specific enthalpy

T energy ratio (equation 13)

q. convective heat flux to the wall

g. dimen: nless convection heat flux to the wall g¢_/q,°
gr radiant heat flux to the wall

Gr dimensionless radiant heat flux to the wall ¢g/gg°
r radial coordinate (Fig. 1)

R nose radius

L, time, initial time

T absolute temperature

T T/T.,,

u radial component of the air velocity (Fig. 1)

U, flight velocity

* The work described in this note was conducted by the author for the Bendix Corporation and

was supported by the United States Army Rocket and Guided Missile Agency, under contracts Nos.
DA-11-022-0ORD-2642 and DA-11-022-ORD-3130.

t Consultant, Bendix Systems Division of Bendix Corporation. g

Reprinted from J, Quant. Spectr. Radiative
Transfer 1, 249-257 (1961) By Permission
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Ve maximum flight velocity during re-entry
W air velocity component, normal to the wall  (Fig. 1)
W/CpA weight-drag ratio
z coordinate perpendicular to the wall  (Fig. 1)
z z{3
o, constant exponents (cquation 15)
3 shock layer thickness
0c angle between the re-entry trajectory and the horizontal plane
X mass absorption coefficient
density
c Stefan-Boltzman constant

Subscripts and superscripts

e condition at the boundary layer edge

es stagnation conditions

o0 upstream conditions

3 conditions immediately behind the shock

stagnation approximation (constant properties across the boundary layer)

INTRODUCTION

THE advent of space flight has brought about the possibility of very high speed penetration
of planctary atmospheres®). Such maneuvers communicate considerable energy to the gas
particles lying in the path of the vehicle and radiative processes of appreciable intensity
are likely to occur in the flow fields past the body. These radiation fluxes have been
estimated for the stagnation flow of such man-made objects as ballistic missiles and
planetary probest® 3, '

In these cstimates it was assumed that the radiation losses were only a small fraction
_ of the total energy in the shock layer and that consequently, taking them into account
§ would not appreciably affect the flow field. The properties of this flow field, notably
‘ temperature and density, were therefore determined on the basis of the familiar conservation
! equations, neglecting the radiation terms, and the calculation of the radiation losses was
based on their value.
! It is apparent, however, that for increasing velocities, the radiation losses from any
| group of particles streaming past the body are becoming an increasing fraction of their total
energy. As a result of this cooling effect, one can expect lower flow field temperatures and
_consequently lower radiation fluxes than calculated for an adiabatic (loss-less) shock layer.
The purpose of this note is to try to estimate this effect.

THE INCOMPRESSIBLE SHOCK LAYER MODEL
An accurate estimate of the stagnation flow field, cumbersome as it is for nonradiative
media®® %), becomes quite intricate when radiation fluxes are included. In general, the
difficulty lies in the integral character of the radiation term that must be included into the
already complex set of coupled differential equations of mass, momentum and energy.

"

83




PR TR IR 3o )

O ST )

Lot

The coupling of radiation and convection in detached shock layers

Physically, this means that the energy balance of each elementary volume of the flow field
is conditioned by long range contributions from all other elementary volumes throughout

the shock layer.
In this paper, radiation losses will be considered only as a perturbation to the exact

..

z
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= shock
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I i

220 777 TIAII A 7777777777 7 77 7 77 s A e
r

Fic. 1. Detached shock layer flow at stagnation.

nonradiant shock layer solutions®®; we will make use of three important features of
these solutions in the stagnation arca (Fig. 1)*:
a) The shock layer thickness & is much smaller at very high speeds than the radius R

3 1
of the body (E ~ o

The shock layer will therefore be considered as a plane parallel layer in the stagnation
zone.
b) The shock layer is nearly incompressible in the stagnation area:

Pes = CONSL,
¢) The velocity component along the axis of the body is nearly proportional to the
distance from the surface of the body® &
dz
dr

The value of the parameter a will be chosen to satisfy the conservation of -wicEEREtum
principle in the z direction across the shock:

W=—=—2az (¢))

w 1p U
a=—2f P’ @)
23 2 p.8
* The skiliful help of T. Chen and R. Murabayashi in the calculations and the illustrations shown in
this paper is gratefully acknowledged. -
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This value of a is in fair agreement with exact calculated values’® and in particular with
those of VAGLIO-LAURIN and Ferri®). We also note the close similarity between actual
shock layer flow at stagnation and the classical potential flow.

~ THE TEMPERATURE DISTRIBUTION IN THE SHOCK LAYER
An interesting property of this incompressible stagnation flow model, from the stand-
point of the mathematics of radiation (and also of thosc of chemical kinetics), is that for
both inviscid and viscous cases(®), the time history of the particles is dependent on the
coordinate z and not on the coordinate r (cquation 1),
Therefore, all particles entering the shock layer at a time 7, will be at z at a time 1,
such that:

(1~ t LinZ 3
— =— —]n-

o 5. 105 ()
These particles form a thin infinite layer of thickness Az which loses its energy at the

rate: (p A 2) g? per unit area. The radiative losses are made of the fluxcs rowards the wall
and away from it. Their total value per unit area® is 2 (2 p x 6 THA z where x is the mass
absorption coefficient of the gas.* No self-absorption is expected from this optically thin
medium®,

Also a look at hypersonic flow charts® shows that for body velocities higher than
20 kft/sec, the kinetic energy in the shock layer is always a small fraction (< 4%) of the
total encrgy, decreasing further® when the velocity of the body increases to values of
interest in this study (35 kft/sec).

For the inviscid flow in the stagnation area (kinetic encrgy neglected), the principle of
conservation of energy is therefore satisfied if the following two fluxes compensatet each
other:

Elimination of the time variable between equations (1) and (4) yields:
dz  2apdh

z 4pxoTH Q

Since for any gas in chemical equilibrium, the enthalpy 4 is a known function of the
temperature 7, equation (5) gives implicitly a distribution 7(z) across the shock layer. It is
also possible to bring out the shock layer thickness & into equation (5) by using equation (2):

dz p, U, dh
—;_49“1807"4 ©

Equation (6) can be rearranged as follows:

2P T Tes  Fes? e GpUS 7
z AparadeTh, x T4 h, @

* Note that 2 p x = 2, this Jatter quantity being tabulated for air in (%),

t Since, in all practical cascs, the wall is assumed much cooler than the gas, its radiative emission to
the gas layer will be neglected, regardless of its emissivity coefficient. -
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The coupling of radiation and convection in detached shock layers

and after integration and determination of the integration constant at the shock:
1

T=[+(-B~-3)Tinz**

The total heat flux to the wall is the summation of the fluxes from all the elementary layers

3 8
qR=quR=f29xaT‘dz
] 0

(12)

of thickness dz:

13

or, in nondimensional form:

Introducing a dimensionless flux gz =qx/q°r and replacing T by its value from

g+3

equation (12):
1
- ‘YR - rﬁ:'} —
qR=;;—:J[I+(u~ﬁ—3)I‘lnz] dz
R
0

(14

Since T is assumed to be small, we can expand both equation (12) and the integrand
of equation (14) as Newton polynomials, and neglect the terms in powers of T higher than

one. Equation (14) becomes.
1
Ge=1+06+ 3)I'[Iimfln2d2]
>0z
and the nondimensional radiation flux and temperature (equations 12 and 14) can finally
be written:
gr=1-(@+3T (15)
T=1+4TInz (16)
Another convenient formulation is that of the nondimensional deviations from the
stagnation values:
Agp =0 4T a”
R
- - T, -
AT=T ? =(ln2)T (18)

T,

which are both clearly proportional to T,

CONVECTION AND RADIATION FLUXES

Equation (16) shows that because of the continuing radiation losses, the closer the
particles get to the wall, the lower their temperature is. The temperature at the outer edge
'
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of the viscous boundary layer must then be lower than the stagnation temperature. As a
result, the convective heat transfer is expected to be reduced because of the presence of
radiation.

As a first cstimate, since radiation is proportional to the mass of the radiant medium,
and even more dependent on temperature, the thin and cool boundary layer can be treated
as if it were nonradiant.* Its calculated thickness z, in the case of a nonradiant gas (sece
for instance®, can also be used in equation (16) to determine the outer edge temperature,
The convective energy transfer can then be estimated on this basis. .

Both radiative fluxes g and boundary layer edge temperature 7, have been calculated
in four typical re-entry trajectories. These trajectories are shown on Fig. 3. The values of
gr and T, corresponding to the maximum value of T for cach trajectory, are shown on
Table 1 for a nose radius of one foot (% ~ 7, z, >~ 0-04 and In 7, ~ —3-2). Also shown
is the dimensionless convection heat flux to the wall g, == q./¢%. The flux q. is roughly
proportional to the enthalpy 4, at the boundary layer cdge™ and its deviations from the
stagnation value ¢°, can therefore be readily calculatedt from those of T, with the help of
a Mollier Chart for air®, . :

B

TabLE 1.

Re-entry trajectory (R = 1 {t) T, ox ar 7', q.
0 = 20°, Vp = 23,000 ft/scc, 2> 107 098 ! 0994 | 0-986
W[CpA = 900 Ibs {t-* (JCBM)
0 = 90°, V- = 35,000 ft/scc, 10-2 0% | 097 | 093
W{CpA = 32 Ibs ft-2 (moon probe)
Op == 90°, Vi = 35,000 ft/sec, 5x 10| 050 | 0-84 | 0.75
W/CpA == 160 Ibs ft-2 (“iron sphere™)
Op = 90°, Vi = 45,000 ft/scc, assumption I' < 1 not applicable
WiCpA = 33 1bs fi-* (Mars probe)

CONCLUSION
Three conclusions can be drawn from Table 1 and from the form of equations (15)

to (18):

1) The radiation flux in the forward direction and to the wall is, in principle, less than
the quantity ¢°¢ calculated in first approximation assuming 7 = T, throughout the layer.

2) The temperature at the edge of the boundary layer is, in principle, less than the stagna-
tion temperature. A smaller convective flux at the wall is therefore expected. This
coupling between radiation and convection is also apparent in static® and viscous1%
cases.

3) Calculation of radiative and convective transfer rates by assuming the temperature of
the inviscid shock layer constant throughout (g =1, T = 1), is a first order approxi-
mation to the result (equations (15) and (16)); the extent of this overestimation depends
on the magnitude of T and on the boundary layer thickness.

* Flow contamination by the wall is not considered here.

t To help interpret the nondimensional data in Table 1, the reader is reminded that, according to
estimates(®), g°g > /% ¢° for the first case in the table, ¢°z ~ g°. for the second case and q°R > q°, for the
last two cases. P
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In the case of air, large values of T correspond to high velocitics, Targe nose radii and low
altitudes. From the estimates of this paper, it appears that for ballistic and carth satellite
trajectorics, MEyiROTT's and Kivir's first approximationst™ ¥ are justified for nosc radii of
the order of one foot or less. The study of the atmospheric penetriation of most planctary
probes and hcavy meteors present more difliculty: it will be nccessary to include the
radiation terms into the equations which determine the flow past the body, in order to
account for radiation losses and scif-absorption. For intermediate cases, such as that of a
moon probe, the approximation suggested in this paper should be adequate.
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Summary

Ablation is the process of absorbing heat energy by removal of surface material, either by
melting (possibly accompanied by vaporization of the molten material), or by sublimation.
Recent theoretical investigations have contributed to our understanding of the fluid mechanics
of ablation. The large increase in effective heat capacity produced by gaseous ablation is at-
tributed partly to the well-known “heat blockage”” effect of mass addition, and partly to infrared
radiation from the gas-liquid or gas-solid interfice. Results of some experimental studies of
ablation in hypersonic wind tunnels and clectric-arc driven tunnels are discussed, and the applica-
tion of ablating materials to spacecraft entering a planctary atmosphere is treated briefly in order
to illustrate the flexibility of ablating heat-sink systems.

Symbols
A = maximum frontal area
g, : :’;:;z;z:gﬁ": mass addition parameters
¢, = specific heat at constant pressure
Cp = drag cocflicient
4 Cn = local Stanton number, ¢,/[(p.1.Ahs)]-
a &, = average value of specific heat of solid material up to the mnelting point
Ad = width of entry corridor
f = fraction of melted material evaporated
k. = stagnation enthalpy
3 Ak, = h,, — hy;
- JC = effective heat capacity
k = coeflicient of thermal conductivity
K¢ = mass fraction of vaporizing or subliming material
L., = heat of fusion i
E Ly = internal heat capacity of solid material up to sublimation temperature; or, Ly = 3Co,
if melting plus vaporization occurs
m = geometric index )
m: = rate of mass addition to gas boundary layer
my = melting rate
M = molecular weight
P = static pressure
P’ = stagnation pressure behind normal shock
Pr = Prandt! number, ¢,u/k
¢ = Jocal heat-transfer rate
¢r = net radiative heat transfer rate away from interface
AQ. = heat released in chemical reaction per unit mass
Yo = radius of cross-section of body of revolution

Rg = radius of the carth
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i

Ry = nose radjus

Rey = Reynolds number, U, Ro/(ve)g, 0
Re, = uy Rofv,,
{ = time

T = absolute temperature

T, = melting temperature

= internal solid temperature; also initial internal temperature
components of velocity paralle] and normal to gas liquid or gas-solid interface
gross weight

axial ablation velacity

axial distance, measured from nose

distance normal to interface

= proportionality fuctor

slope of curve C,,,’C;,o =1 — 3B

boundary layer thickness

thermal thickness, 5, K /m

= turbulent exchange coeflicient; also emissivity

k/pc,, thermal diffusivity

absolute viscosity

#/p, kinematic viscosity

density

Stefan-Boltzmann constant, 5.672 X 10~5 erg cm. 2 deg.~4 sec. !
shear stress; also duration of heat pulse

entry angle

V'CDQ‘CHEE‘::i
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=
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Subscripts

= flow quantitics evaluated at outer edge of gas boundary layer
= gas

gas-liquid or gas-solid interface

liquid

zero mass addition; also stagnation point (except T,)

solid

free stream ahcad of bow shock wave

"'ON"'W N

I. Introduction

TECHNOLOGICAL ADVANCES in aeronautics and propulsion are almost always

accompanied by increased power levels and heat-transfer rates. In aircraft
internal-combustion engines the heat-transfer rates to the cooling air are of the
order of 10 to 100 B.t.u./ft.%/sec. In earlier liquid-fuel rockets the heat-transfer
rates at the nozzle throat were about 400 B.t.u./ft.*/sec., but values as high as
1,000 B.t.u./ft.*/sec. are attained in modern liquid rockets of high specific impulse.
Peak heat-transfer rates of this same order are encountered on the “nose cone
of a ballistic missile with a high drag/weight ratio during re-entry into the earth’s
atmosphere. For a ballistic missile with a low drag/weight ratio, peak re-entry
heat-transfer rates are of the order of 2,500 to 3,000 B.t.u./ft.%/sec., which amounts
to a power input of 15 kw. over an area about the size of a 4-cent United States
postage stamp. ]

When the peak heat-transfer rate is sufficiently low, a heat pulse* of given

* A triangular timewise distribution of heat-transfer rate is a good approximation to the heat pulse during -

re-entlry.
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duration applied to one face of a solid slab produces a nearly uniform temperature
increase throughout the material.  In other words, the material behaves hike a
capacitor in this reginie, and the slab thickness required to prevent the temperature
from exceeding a certain prescribed maximum value is proportional to the peak
heat-transfer rate.  When the maximum heat-transfer rate is increased, the ma-
terial nearer the exposed surface heats up more rapidly than the material farther
away, and the required slab thickness increases faster than the peak rate. At
some critical value of the peak heat-transfer rate (§ua), the maximum allowable
; temperature (7., 1s reached even if the slab is very thick.  In fuct, at this point
; the material behaves like a semi-infinite slab, and G ~ Tioax \/p,,.k(,,/'r, where
' ps, kB, and ¢, are the density, thermal conductivity and specific heat of the salid,
and 7 is the duration of the heat pulse.  Even for a good thermal conductor such
as copper, the peak heat-transfer rate is limited to a value of about 1,000 B.ta./
1 ft.?/scc. for a triangular heat pulse of 30 see. duration and a maximum allowable
temperature of 1,500°F.

The strong influence of the heat-rate limitation imposed by a nonmelting solid
heat sink on ballistic missile nose cone design and re-entry performance is brought
out very clearly by G. Solomon.! These considerations led to the development of
ablating materials that absorb heat cuergy by melting, and possibly vaporizing,
, or by undergoing sublimation directly to the vapor phase. Although ablation is
# a relatively new process to the engineer, it has been occurring in nature for millions
of years. Because of their tremendous kinetic energy, all but the very smallest
and very largest meteorites are almost completely vaporized during their passage
through the earth's atmosphere. Of course, the engineer hopes to bring this
rather violent natural process under careful control.

TRT TP

o L

LGAS-L!OUID
INTERFACE

SOLID

— — —e
Fig. 1. Schemoatic diagram of o 2-phase boundary layer over melting blunt-nosed body at high velocity.
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ARLATION IN HYPERSONIC FLOWS

Before we can discuss the ablation process itself, we must outline briefly the
wain mechanisms of heat transfer from the gas to the ablating Tiquid or solid
surfice.? At hypersonic speeds, the hot gas in the “shock hiyer” between the body
and the bow shock wave (Iig. 1) is partly or fully dissociated.  When this mixture
of atoms and molecules enters the boundary layer, strong concentration gradients
arc produced and heat energy is transported toward the surface, partly by diffusion
and partly by ordinary heat conduction. Recombination reactions occur in the
boundary layer and some of the gas components may react chemically with vaporiz-
ing surface material.  Of course, the details are extraordinarily complicated, but
it turns out®™? that the conveetive heat-transfer rate at the gas-liquid or gas-solid
interface depends primarily on the total enthalpy difference across the gas boundary
Luyer, and not on these details, provided that the ratio of mass diffusivity to thermal
diffusivity of the gas is nearly unity.  The maximun effect of chiemical reactions
on heat-transfer rate corresponels to the rate of energy transfer that would occur
if all the oxygen atoms at the outer edge of the boundary tayer that could possibly
diffuse to the surface combined with the surface material®

At hypersonic speeds, Ticat energy is transported to the body surface also by
radiation from the hot gas in the shock layer. Theoretical and experimental
research® has shown that the emissivity per centimeter of “air” in equilibrium ot
temperatures of the order of 10,000°K. is fess than one per ceut for gas densities
in the shock layer less than ten per cent of sea level density. For most calry
trajectories, the gas radiative heat-transfer rate is much smaller than the oom-
veetive heat-transfer rate, but for direct cntry into a planetary atmosphere at
near-normal incidence, gas radiation may be dominant. Radiation from the
shock layer to the body occurs mostly in the ultraviolel to near infrared portion
of the spectrum, while radiation away from the much cooler gas-liquid or gas-solid
interface oceurs mostly in the infrared to far-infrared.  Thus, the gas in the shock
layer is nearly transparent to infrared radiation, and this mode of heat transfer is
important for high-temperature ablators.

With this sunumary as a background, the physical mechanisms of ablation
are discussed in Scetion IT. The emphasis hiere is on the main processes and not
on the detailed theoretical analysces; for these, the interested reader should consult
the nuimerous references cited.  Some experimental studies of ablation are dis-
cussed in Scetion 111, Applications of ablating materials to spacecraft entering
a planetary atmosphere are treated briefly in Section TV, in order to illustrate the
flexibility of ablating heat-sink systemns.

II. Physical Mechanisms of Ablation

Il. 1. Melting Ablation

To AN OBSERVER fixed in the gas-liquid interface, molten material appears
to be flowing toward him, as well as along the body surface (Fig. 1), and the heat
energy absorbed and carried away by this countercurrent of material against the
main dircction of heat flux is the chief mechanism of ablation.  The most important
physical property of a melting ablator is the viscosity of the liquid film, as shown
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originally by Sutton.” The larger the viscosity, the greater is the film thickness,
the temperature rise across the film and the magnitude of the heat energy absorbed
by the ablator.  For the highly viscous substances of interest, the velocity at the
interface in the direction parallel to the body surface (u.) is negligibly small com-
pared with the velocity at the outer edge of the gas-phase boundary layer ().
As long as vaporization does not occur, the gas boundary layer is virtually inde-
pendent of the presence of the liquid film, and the heat transfer rate and shear
stress at the gas-liquid interface are very nearly equal to their values at a solid
boundary at the enthalpy level &y, = 2:(7%). This statement applics equally well
to laminar and turbulent gas boundary layers.

Certain glassy substances do not possess a definite melting temperature,
and therefore do not have a definite liquid film thickness.® Nevertheless, it 1s
helpful to visualize the process of melting ablation in terms of an cffective thick-
ness, &, and a corresponding cffective temperature rise, 7y — 7, across this filn.
The countercurrent of molten material absorbs heat energy at a rate given by

3L T
[ wa,0rso00y = [ mear = e, (1= T =t—0. O
where (pv) is the average mass flux. A detailed calculation® shows that (pv) =
0.60 m,, so that
g = & — .60, (T — Ta) (@)

In other words, in addition to its heat capacity up to the melting temperature,
the ablating material absorbs an amount of energy equivalent to that required
to heat about G0 per cent of the melt from the meelting temperature up to the
interface temperature. When ablation reaches a steady state

Qs =~ 77.ZL[Lm + E’x(y‘m - TU)] (3)

where L,, is the heat of fusion* (if any). By utilizing Egs. (2) and (3), one obtains
the effective heat capacity, 3¢, of the ablating material, as follows:

3¢ = ¢i/my = L + &(Tn — To) + 0.00c, (T: — Th) )

Now what factors determine the magnitude of the temperature rise across the
liquid film? Without going into details,® we remark that this temperature rise
is given very closely by the “thin film” relation

q{ = Qa = [EL(Ti - Tm) ]/6L (5)

and some estimate of the effective film thickness §, is required. By utilizing the
approximate relation 7z, = Ty, = ur(1:/8,), recognizing that the liquid mass flux
at any station

&
f pLidy = cpp1edy
0

* Here we are assuming that the heat energy stored in the material by conduction is small compared with th®
heat absorbed by ablation.
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is proportional to the integral of the melting rate around the body up to that
station, and employing Eq. (1) and the modified Reynokls analogy

@)/ (ro)e = (hee — B)/ () (P,

. —2/3
)

one obtains ’

8u/Ra V' Ry ~ V(51) /(v)s, o VI, — . /0 (6)

From Eqgs. (3) and (G),

Ty — T~ [V (ot )a 0 (hey = BNV (s — )73V () JNVEY (D)

where the first bracket in Eq. (7) arises from the heat transfer rate ¢, and the second
bracket contains the film thickness.  Since the viscosity of the liquid is a sensitive
function of the temperature, Eq. (7) 1s an implicit relation for the temperature rise.
TFor example, for Corning No. 7740 glass, (u); = 0.0672 exp [(8720/7)1-62],
where (uz), is expressed in Ib./ft.-sec, and 7', is in °F. absolute.

The function N(s) depends on the local heat-transfer rate and also ou the heat-
transfer rate history over the body surface up to the point in question.® At the
forward stagnation point of a blunt-nosed body N = 2-" for laminar gas flow,
where m = 0 for two-dimensional flow and m = 1 for axially symmetric flow.
Elsewhere on the body surface N =2 2-"(p,/py’), so long as the gas boundary layer
remains laminar. On the other hand, when laminar-turbulent transition occurs
in the gas boundary layer near the forward stagnation point the value of N at the
sonic point on the body surface (for example) is givent by

N 22 1.110.4[0.18 + 0.350,*] (8)

4

where

? Q* = 0.050/22(p. /pe, )¢(Re,)*® (8a)

Of course, these rough estimates cannot be regarded as a substitute for a de-
tailed theoretical trcatment™® 712 but they furnish the following important
conclusions about melting ablation:

(1) The temperature rise across the liquid film is strongly dependent on
the liquid viscosity and the driving enthalpy potential (h,, — F;,). At the forward
stagnation point, this temperature rise is completely independent of the body nose
radius, while for a turbulent gas boundary layer (7y — 7,,) is weakly dependent
on body dimensions through the factor Re.%¥ in Eq. (Sa).

(2) . Evidently, the enthalpy increase across the liquid film is much smaller
than the enthalpy difference across the gas boundary layer, because the thermal
conductivity of the liquid is so much larger than that of the gas, while &, and &,
are of the same order of magnitude. Nevertheless, at hypersonic flight velocities
of the order of 18,000 fps. the additional energy absorbed by the countercurrent

b i

1 Here O * is the ratio of the turbulent heat transfer rate at the sonic point to the laminar heat transfler rate -
at the stagnation point; c. g, for Reg = 107 and m = 1, 0% == 3.2,
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flow of liquid across this film amounts to about 70 per cent of the heat capacity up
to melting for a laminar gas boundary layer, and to about 100 per cent for
a turbulent gas boundary layer (Fig. 2, for example). '

(3) Tor a typical melting ablator, the total heat capacity is about 1,200
B.t.u./th. for laminar gas flow and about 1,500 B.t.u./ib. for turbulent gas flow,
The restrictions on maximum heat-transfer rate imposed by a nonmelting solid
heat siuk are removed, and the cffective heat-absorbing capacity is comparable
with that of a high-temperature mctallic heat shield such as beryllium. In certain
cases, infrared radiation may increase the effective heat capacity, because of the
high temperature at the gas-liquid inteiface (Fig. 2).

II. 2. Vaporization or Sublimation

When vaporization occurs at the gas-liquid interface, or when sublimation
takes place directly from the solid phase, the countercurrent of gas away from the
surface takes up a large fraction of the enthalpy difference across the gas boundary

20 5500 _ 60~
W LI B
/ 10 my
i « 16| 5000 Sy - -
‘ o .y
o
- ”"'"’*ﬁLUi e ok
3 | — x IO o
b af> Ug -
, 12 - 4500 S C
5 (4 - [
= - (3 — o
i 3 " &
k ~ 8 - 4000 -
E: o~
] %\ - B 01! -
) *2 a} 3800 - - — N
A .E "
; N N St P N D B -
L 3000 — =
0 r 50 002

U Ftight Velocity, Kilofeet /Sec

Fig. 2. Lliquid film properties at gas-liquid interface and peak surface melting rate—turbulent gas boundary
layer at sonic point, cltitude = 60,000 f1., R, = 2 f1., Corning glass No. 7740, T,, = 3,000°R,

layer. A rough estimate of this heat blockage by mass addition is obtained by
considering the countercurrent mass flux pv = 7, to be constant across a layer of
uniform thickness in the main flow direction. Then

hy(dh,/dy = —(dg/dy) 9

where ¢ = — F(y)(dh,/dy), and F(y) = k/é, for laminar gas flow, while F(y) = pe
for turbulent flow: here, € is the turbulent exchange coefficient, or effective turbu-
lent thermal diffusivity® By defining a new variable
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y
Y = f dy/F(y)
0

and integrating Eq. (9) across the layer, one obtains
(hs — B/ (hey — By = (em¥ — 1)/(emd — 1) (10)

(The stagnation enthalpy distribution is indicated schematically in Fig. 3.) Ac-
cording to Eq. (10),

(¢)¢ = m AR/ (emd — 1) (11)

But this expression must reduce to the heat-transfer rate for zero mass addition
when m; — 0; thercfore,

S Gy = B - 1) (12)

= ~1
A (P(l‘cCHo) [(q.”)i]';“=o

where B is the mass addition parameter 1/p4.Cy,. For small values of B,
Cu/Cup =1 — B/2. InFig.4,theblocking efiect of massaddition on heat transfer
for air injection into an air boundary layer is illustrated for laminar flow at the
forward stagnation point, and for turbulent flat-plate experiments at supersonic
speeds. Evidently, the rough cstimate given by Eq. (12) somewhat overestimates

e

os /

Y l;\i > O

A
0.6 »"m/ [N

Fig. 3. Effect of mass addition on / l';1;= [o]
enthalpy distribution {schematic}. /

0.4 Y

0.2

0 0.2 04 0.6 o8 10
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Fig. 4. Effect of mass addition on heat-tronsfer rate (air to air).

this effect for turbulent flow, but underestimates the effect for laminar flow because
the laminar boundary layer thickness is actually increased by mass addition.
Now the significant feature of gaseous ablation is the interaction or ‘feed-
back’ mechanisi between the rate of mass addition and the net rate at which heat
energy is supplied to the gas-liquid or gas-solid interface. When ablation reaches
a steady state gxgr = MLy, where Ly = 30 (Section I1. 1) if melting plus vaporiza-
tion occurs, or Ly is the thermal capacity of the solid material up to sublimation
temperature if sublimation occurs. But ¢xer = (§,)« — (fmy)Ly,* where [ is
the fraction vaporized; of course, f = 1 for a sublimation process. In other words,
(¢)+ = my(Lr + fLy). If a new mass addition parameter B’ is defined by the

relation

B = my/puCqg = fr,/pae.Cy

then
B’ = f(4))s/(peee.Cu)(Ly + fLy) = foh/(Lr + fLy) (13)
where A#, is the total enthalpy difference (b, — %;). By definition
CH/CIIO = B/B, (14)

and the intersection of the straight line for a given B’ defined by Eq. (14) with the
curve of C;;/Chy vs. B in Fig. 4 gives the value of B, or the normalized rate of mass
loss in terms of known conditions for zero mass addition. In Fig. 4, f = 1; when
melting plus vaporization occurs f is a function of Ah,/L, (Ref. 8). In any event,

* The quantity Ly mustinclude the heat of dissociation of the gaseous ablating material if dissociatinn occurs
right at the gas solid or gas-liquid interface, or if the dissociated gas is able to diffuse back to the interface and the
interface is not catalytic for recombination.s Otherwise, Ly is simply the usual heat of vaporization or sublimation
per gram of material,
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the most important parameter i{s again the total enthalpy difference across the
layer.

A correlation' of theoretical and experimental resnlts for mass addition into
a laminar gas boundary layer shows that C;,/"'CHO o~ 1 — BB, where 3 = 0.81
(ML) V3, and M, and M are the molecular weights of the original gas in the
boundary layer and the injected vapor, respectively. According to Eq. (14),
for luminar gas flow

B = B'/(1 + 8B (15)
or ‘
B = fie/oatCug = [Ah/ [Lr + f(Ly + 58] (16)
; The cffective ablation heat capacity 3Ceer defined by (¢,)e = 1,3 is given by the
relation
? Rt = (Lr + fL)Ak/OR + fB8h (D)
a where (¢,)o and Ah,, are the heat-transfer rate and the enthalpy difference across

the gas boundary layer without mass addition, respectively. As discussed in
Section I, the effect of combustion (if any) of the gascous ablated material appears
as an added driving potential, or

Ahy/Ahy, = 1 + AQ./Ahy,

where AQ, is the heat released by combustion per gram of air. According to Eq.
(17) the heat encrgy blocked by gascous ablation amounts to a fraction f8 of the
enthalpy difference across the gas boundary layer.

When sublimation occurs, or when 7 is close to the local boiling temperature,
‘ f — 1, and the problem is considerably simplified.* Here

3 and

, Bt = (Lr + L) (1 + (A0/80)]* + Ak, (19)

B = Ah/(Ly + Ly) B = Ah/(Ly + Ly + BAR) (18)

Thus, the effective heat of ablation increases linearly with the driving enthalpy
differenice across the boundary layer, and the relative importance of combustion
steadily decreases. To state the result another way, for laminar flow B — 1/8
as B’ — o, or the normalized rate of mass loss approaches a constant as A#l,,
increases. If one utilizes Eq. (12) for a turbulent gas boundary layer then B =
log. (B’ + 1); Fig. 5 illustrates this “self-regulating” property of gascous
ablation.**

Just as in the case of melting ablation, infrared radiation can make a significant
contribution to the effective heat capacity of a high-temperature ablator.'*  The

* When Ly 33 L7 a similar simplification occurs even for relatively low values of f, as in the case of H:0, -

** A rough approximation for turbulent gas boundary layers is 87 == 1/3 81, (Ref, 14).
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Fig. 5. Normolized ablation rate as a function of driving enthalpy difference.

enthalpy difference Ah, in the expression for the mass addition parameter B’
[Eq. (13)] is reduced by the factor

QR AQC)_l:]
. L / 2¥e
[1 (do)o Cura/ Cu <1 " By,

where ¢r is the nef radiative heat-transfer rate away from the interface. When
radiation from the hot gas in the shock layer to the interface is negligible (Section
1), gr = eoT . TFor laminar gas flow with Cy,/Cy, = 1 — BB, one finds

_ JARAT — [9r/(d)dl 11+ (8Q/ AR~

B
Ly + f(Ly + BAk)

(20)

and the effective heat capacity given by Eqs. (17) and (19) is increased by the factor
in brackets appearing in the numerator of Eq. (20).

In general, the interface temperature must be determined by iteration
between the energy balance expressed by Eq. (20) and the equilibrium vapor
pressure-temperature curve of the material. At the interface, the mass flux of
matetial injected into the gas boundary layer is carried away partly by the mean
countercurrent flux and partly by diffusion. The analysis given in Ref. 5 shows that

(Ke)e = B'/(B" + 1) (21)

where (K}), is the mass fraction of the vaporizing material at the interface.* For
laminar gas flow [Eq. (15)]

* As shown in Ref. 5, chemical reactions can be included in the analysis.
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B’ = B/(1 — BB) (22)
PRRVET S ‘

(pe)/p = {1 + [(1/Ks) — 1190/, ! (23)

where pg is the partial pressure of the vapor, and K is the mass fraction of the
ablating material itself.

When f— 1 and the radiative heat transtu. rate is small compared to the con-
vective heat-transfer rate the value of B [Eq. (20)] is not very sensitive to 77 at
hypersonic speeds. A good first approximation to B can be obtained by making a
reasonable estimate of 7;. Then a much better approximation to T3 is obtained
by utilizing this value of B and Eqgs. (21) through (23). It arncars that 7, adjusts

6
Dota Points Theory
sk = Reference (17) No Combustion
C Referance{iB}) —-—~—Combusiion
4t

Fig. 6. Stagnation-point Source: Adoms {14)

heat of ablation measurements
for Teflon, compared with

Heat Of Ablation, Hesr ~ (107 BTU/#)

theory. 2
i P
// Flight Vetocity ~ (103 Ft/Sec)
o 12 14 16 18 20 22
o T +- +r a i T ¥ T T
¥ 2 3 4 5 & 7 8 9 10

Enthalpy Difference,( 4 h)~(10°BTU/#)

itself at hypersonic speeds to a value determined mainly by the energy balance and
the blockage effect of mass addition on heat transfer.

To summarize, gaseous ablation produces a substantial increase in the effective
heat capacity of the material by means of the blocking effect of mass addition on
heat transfer to the interface. In fact, the effective ablation heat capacity in-
creases almost linearly with the external stagnation enthalpy, and can reach values
of 5,000 B.t.u./1b. for laminar flow and 2,500 B.t.u./Ib. for turbulent flow at flight
speeds of the order of 20,000 fps. To put it another way, the normalized rate of
ablation »t,/p.,Cy, becomes virtually independent of the driving enthalpy differ-
ence across the gas boundary layer when this enthalpy is large compared to the
intrinsic heat capacity (L, 4+ Lg) of the material.

III. Experimental Studies of Ablation

BECAUSE OF THE SEVERE CONDITIONS encountered during ballistic missile
re-entry, most of the earlier experimental investigations of ablation were concerned
with the mechanical properties of ablating materials. These studies were carried
out with the aid of high-temperature sources that could readily be made available,
including oxy-acetylene torches, solar furnaces, and rocket exhaust jets. Although

. . . . . . -
such tests provided much valuable practical information, it soon became evident
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that one must duplicate, or at least take into account, important parameters like

A’I.‘»l/(LV + ]41’) q’g‘/’qv

duration of the heat pulse compared with time required to reach steady-state
ablation, etc., before experimental results could safely be extrapolated to hyper-
sonic flight conditions.

Experimental investigations of ablation, guided by theoretical considerations,
have been conducted in air plasma jeis, or arc-jets, capable of providing a wide
range of stagnation enthalpics up to satellite-entry conditions.!® '  Adams'* has
given an exccllent review and evaluation of such studies. Perhaps the most
striking result is the experimental confirmation of the blocking effect of gaseous
ablation on heat transfer (Section II. 2), at least for laminar flow. In Fig. 6, we
reproduce Adams’ plot of §Cr for Teflon vs the driving enthalpy difference Ah,,

0.0
Comphor, G oH g0
= Pragsure,mm Hg
-|% 1 2 4 6 © 20 40 80 100
<E | >
L
a

‘o

Fig. 7. Mass addition parometer vs
surfoce temperature

Mass Addition Porometer, B's

[¢] 20 40 60 80 i00 120
Surfoce Yemperoture ,* C

as obtained by General Electric!” and AVCO."®* Even the slope of the experi-
mental curve is in good agreement with the theoretical prediction when proper
account is taken of the molecular weight of Teflon (C.I). Another important
result is the experimental confirmation of the Bethe-Adams® predictions of 3Ce
vs Ah, for a melting-evaporating, highly viscous substance, such as quartz. As
Adams'! points out, it is essential to estimate or measure the high temperatures
at the gas-liquid interface (or the net radiative heat-transfer rate), before the data
can be interpreted. If proper allowance is made for radiation, the results of the
earlier tests on quartz and reinforced plastics'® in rocket exhausts correlate fairly
well with arc-jet experiments, in terms of the parameter Ah,/(Ly + L;).

By developing and extending the arc-jet facility to provide higher supply

. . . . -
(or test section) pressures and larger model sizes, ablation experiments can be
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ABLATION IN HYPERSONIC TFLOWS

performed with a turbulent gas boundary layer; the results of such experiments
al AVCO should be available shortly.  Ablation studics are also required at the
high stagnation enthalpies corresponding to super-satellite speeds (Section 1V),
where electronic heat transfer may enter the problem, and in gases other than air,
in order to simulate the atmospheres of other planets.

Ablation experimients in a high-temperature facility usually consist of measure-
ments of mass loss in a certain time interval, and the hot jet is calibrated in terms
of the melting time of a known sample, such as a copper hemisphere-cylinder. ' 16
For certain purposes, such measurements are sufficient, but it would be desirable
to study the fluid-mechanical aspeets of ablation in some detail under carefully
controlled conditions.  Kubota' has examined the possibility of providing a
sufficiently wide range of the ablation similarity parameters (Scetion 11} in a
moderate-temperature, continuously operating, hypersonic wind tunnel, Since
the driving enthalpy difference is much lower than in flight, materials with relatively
low values of intrinsic heat capacity (Ly + Lz) must be selected.  In addition,
the vapor pressure of such materials at low-to-moderate temperatures must be
of the same order as the local static pressure at the outer edge of the boundary
layer. By employing relations similar to Egs. (18), (21) and (23) (Scction IT),
Kubota prepared charts of the mass addition parameter B’ vs surface temperature
under hypersonic wind-tunnel conditions for .0 (ice), CO: (dry ice), and CyHi50
(camphor). TFig. 7 shows one such plot for camphor. According to this chart
values of B’ larger than unity can be attained in the GALCIT hypersonic tunnel
(Leg 2) operating at stagnation temperatures of around 400 to 500°C.  Under
these conditions, the mass fraction of the vapor at the gas-solid interface is larger
than 0.50.

At sufiiciently low local static .. essures, H:O (ice) does not melt, but sublimes,!?
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and the heat of ablation is about 1,000 B.t.u./Ih.; thus B’ is very low in the
SALCIT hypersonic tunnel.  Ablation measurements on H.O (ice) can be re-
garded as a convenient “base-line” for evaluating experimental techniques. Ku-
bota'® measured the ablation rates and surface temperatures on a water-ice hemi-
sphere eylinder model at the stagnation point and also on the eylindrical afterbody
(Figs. Sand 9).  Agreement hetween taminar theory and experiment is encourag-
ing, and indicates that useful information about the ablation process camn, in fact,
be obtained. Similar experiments on camphor models are now in progress. De-
tailed measurements of such quantities as vapor concentration in the gas boundary
Jayer should also be feasible.

Because of the comparatively low heat-transfer rates obtained on models in
a moderate-temperature hypersonic tunnel, the ablation process is “stretched out”
in time, and studies of the time required to reach steady-state ablation can be
made.  Another interesting question suitable for investigation on this longer time
; scale is the feed-back mechanism between the changes in body shape brought about
: by ablation, and the distribution of static pressure and heat transfer rate around
4 the body surface. TFor example, one would expect that a hemispherical nose
becomes “flatter” with time, until the heat transfer rate is nearly uniform across
the face.* On the other hand, along the cylindrical afterbody the pressure is
nearly independent of local body shape, and decays inversely with distance from
3 the nose, according to blast-wave theory. If r,(x) denotes the radius of the body
? cross section, the condition for a steady “equilibrium shape’ is

(@r6/0t) + w4 (dry/Ox) = O

L b

where w, is the constant axial “velocity” of ablation. But

p\(bru/af) = -— (vq,‘,;/."(’..”)

E * Radiative heat transfer and internal heat conduction must also be (aken into account,

3
4
-
k.
E
A
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M‘

so that

a)"n;‘,a.\' = (()a)tt /p_"li',if‘('(.ff

In general (¢,)o is a complicated function of static pressure distribution and body
shape. Supposc we make the rough approximation that (¢ ~ v/p. Then
Orodx ~ Vp ~ A/1/x, or ry, ~ A/x; in other words, according to this rough
caleulation, the equilibrium afterbody shape is a parabola of revolution, provided
the nose is quite blunt. A somewhat more careful theoretical and experimental
study of this interesting problem would be worthwhile.

IV. Some Applications and Future Developments

Brcavse oF THE high stagnation enthalpies associated with the entry of
manned or unmanned satellite vehicles and spaceeraft into a planetary atmosphere,
the effective heat of ablation should be large (Sections 1T and 111), but the require-
ments imposed on ablating materials for this application are quite different than
for ballistic missile re-entry. For example, when re-entry is initiated from a
circular satellite orbit the entry angle is normally very low (<2°), because of the
prohibitively large retrorocket weight required for a steeper descent.  The maxi-
mum convective heat-transfer rates for a typical nonlifting vehicle™ are about
65 B.ta./ft.2/scc., or less than one tenth the values encountered by a ballistic
missile, and the duration of the heat pulse is about 250 sec., or ten times longer.
Under these conditions, a high-temperature ablator will radiate rather than ablate,
so that a modcrate- or low-temperature ablator is required.  Even such a material
reaches steady-state ablation only after a certain time interval.??  If the counter-
current mass flux of liquid or solid material is regarded as a constant, the effective
3 thermal depth® 18 8, is proportional to X/v = p.X/m, where & = k/psc, is the
thermal diffusivity of the material. The time 7 required for the heat pulse to
penctrate this distance is proportional to 8%/X, or

7~ (pk/c) [1/(1)*] = (pik/c;) [(3err)®/ (do)o’])

T SPRRIPADE SV WM..«M( ‘

The low values of (¢,)o and high JC.i; encountered along a grazing entry trajectory
dictate a low-density, low-temperature ablator that is also a poor thermal con-
ductor. Of course, these physical properties are precisely those that are required
to minimize the problem of heat conduction to the interior during relatively long
“soak” times. For example, if the gas-solid or gas-liquid interface remains at a
constant temperature 7', for a period 7/, and the inner wall must be kept below a
certain prescribed maximum temperature Tmnx, then the wcight/area of insulation
material required is proportional to the quantity

el JM_ 3

Vprioyr  og Ty = T/ (Ti = Twmad]} 172

where 7T is the initial temperature of the inner wall.
Teflon (Section TIT) meets these requirements to a remarkable degree.  Whep
1ift is employed, however, the duration of the heat pulse increases roughly as the
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lift-drag ratio for a given (shallow) re-cutry angle, and hoth insulation weight and
weight of abluted material will increase.  Thus, there s a strong incentive to
develop materials that ablate at even lower temperatures than Teflon.

Because of the low heat-transfer rates experienced in grazing eutry, radiation
from the body surface is always an attractive alternative.  Of course, the various
proposed heat-protection systems are by no means mutually exclusive. One
possible combination is a material that radixtes most of the heat over part of the
trajectory, and ablates only over the portion of the flight where the conveetive
heat-transfer rate execeeds the radiating capacity of the surface.

The situation is quite different for entry from highly clliptical orbits or from
outer space.  In these cases, a steeper entry angle is an attractive means of alle-
viating the difficult guidance and control problem associated with grazing entry
and multiple-pass drag braking. For low entry angles, the width of the entry
“corridor” in carth radii is given by

A(l/’R,; = ]"’2(0};22 - 0];‘2)

where 0, and 6, are the minimum and maximum allowable entry angles, re-
spectively.  On the one hand, a vehicle returning from outer space at the “ideal”
approach velocity of 33,000 fps.* skips out of the carth’s atmosphere if the entry
angle (at 400,000 ft. altitude) is less than about 4.5°,  On the other hand, the peak
deceleration experienced by a nonlifting, constant-drag vehicle is already 20 g’s
when ¢ = 6°. Thus, for manned vehicles, the entry “‘corridor” is only about 10
miles high. By employing acrodynamic lift during entry,?® the peak deceleration
is held to 10 ¢’s for a maximum lift-drag ratio of 2.0 and an entry angle of 10.5°,
so that the allowable entry “corridor’” is now about 60 miles high.**  For such a
trajectory, the maximum stagnation-point heat-transier rate is (800 B.t.u./ft.2/
sec.)/V/R,. for a value of W/Cpd = 100, where R, is the nose radius in feet, and
the total heat energy transferred to the vehicle is about (40,000 B.t.u., Tt.0) /\/R,.
Because of the relatively high conveetive heat-transfer rates and the high-stagna-
tion enthalpy along the trajectory, a gaseous ablator should have an cffective heat
capacity of at least 6,000 B.t.u.Ib.  Again, the comparatively long duration of
the heat pulse dictates a low or moderate temperature, low density ablating ma-
terial that is also a poor thermal conductor.

Employment of ablating materials during entry into a planetary atinosphere
is attractive also for unmanned vehicles.2d A typical space probe, entering the
atmosphere of Venus at a velocity of about 40,000 fps. and near-normal incidence,
experiences a peak deceleration of about 400 g’s, a peak radiative heat-transfer
rate from the hot gas in the nose region of about 7,000 B.tu. ft.? ‘sec. and a peak
convective heut-transfer rate of about 1,000 B.tu., Tt.3/sec., for W' Cpod = 60.
Gaseous ablation is incapable of “blocking” the radiative heat transfer from the

* The actual approach velocity is likely to be of the order of 10,000 fp5s.

** Grant?? has recently shown that the corridor width can be increased to 100 miles by employing combined
dray and life modulation. -
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gas to the body surface,* but an ablating material is fully capable of absorbing the
heat-transfer rutes and heat-energy loadings that would be involved,

Even this brief discussion should illustrate the inherent flexibility of ablating
lieat-sink systems.  Abluting materials are certain to be developed and utilized
far beyond our present conceptions,.

* Perhaps one could sefeet for inventy a gaseons ablator with a low absorptivity with respect to the energy
spectrum of the gas radiation.
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PROGRESS AND PROBLEMS IN ATMOSFEERE ENTRYL
By Alfred J. Eggers, Jr., and Nathaniel B, Cohen
Office of Advanced Research ard Technology
National Acronnutics and Space Administration
Washinglon, D.C.

ABSTRACT

r--=_+ns of entry vehicle motion, heating, and

. stlion are discussed in the context of

el possible future space flight missions,

+ unmanned probes of the atmospheres of

T:s, and Jupiter, and manned vehicles

ze for controlled planetary entry at

¢z from orbital to hyperbolic. Recent

. in reentry physics, including both theo-

+rd experimental work in flow-field anal-

:ctive and radiative heating, and com-

:ts, have erhanced our abtility to predict

> heating. Problems in reertry physics

z1n, such as transition to turbulent flow,

~ heat iransfer at hypervelocities, and

s r=<dation flow-field interactions and their

= irfluence on vehicle configuration are
Attention is also given to ground sim-

cilitles, such as the expansion tunnel,

¢ shock tunnel, and high enthalpy arc jet,

protlez: in reentry physics and heat shield mate-
ria.s z<kavior. Finally, some consideration is
giver. »~ the comparative features of rocket braking
and rizoeivering as contrasted to atmosphere braking
and rarnsaverlng for the spectrum of speeds and mis-
sicrn nr.files of future interest.

INTRODUCTION

Sigr.lfizant advances have been accomplished in
the ¢~f«r~e and techneclogy appropriate to atmos-
thers «n.iry of spacecraft during the 8 years since
the Iz.n7hing of Sputnik I. This progress is no
vettes I1lustrated than by the successful entry
frer e=rih orbit of the manned Vostok, Mercury,
Voskhst, and Gemrinl spacecraft, for which the
pretlc inherent in orbital entry, such as high
conves~ive heating rate and lozd and communication
blace: s were successfully overcome. For the past
4 yesrso, atmosphere entry research activities in
the Uni~ed States were concentrated upcn the prob-
lems =L ropriate to return from lunar missions
which =zre characterized, for the Apollo vehicle,

ty nronepligible radiative heating rates and a
highly rnonsymmetric flow field, as well.

Altnzigh the first Apollo vehicle entry has yet
to tr <rmonstrated, the next few years are expected
1o Lring suvccessful accomplishment of first earth
znd then lunar return entries with this
vehicle, Much engineering work for this vehicle
.% 1. be done; however, the fundamental
seenrch activity associaled with Apollo 1s being
redu~cs in favor of that associated with missions
and wvenlizles of the more distant future. Already
ecriulr, new problems arising in such missions have
teon {nvestigated in the various lsboratories,
resulvtfrg in important new knowledge. It is the
purysne of this paper to discuss some of the more
intersoting missions of the future, to describe
thone miseion characteristics pertinent to atmos-
phere nrury, to review some related research

Iprizented at the XVIth IAF Internationnl
Crungreue, Athens, Greece, September 13-18, 1965,

accomplishments in the recent literature, and to
point cut some of the many problems remaining Lo be
solved.

References cited throughout the paper are merely
representative of the wealth of literature avail-
able on the toplcs discussed. An extensive bibli-
ography was provided by Love (ref. 1. Additional
material may be found in the reference lists of the
cited papers.

FUTURE MISSIONS

The post-Apollo era is likely to provide a vari-
ety of new entry opportunities which introduce a
number of phencmena considerably different from
those related to near-ballistic entries at orbital
or escape velocities into the Barth's atmosphere,
The establishment of long-duration earth-orbital
laboratories may well lead to a requirement for
logistic vehicles capable of generating a sufficient
lift/drag ratic to provide for reduced entry decel-
erations, maneuvering during entry for longitudinal
and lateral ranging, and horizontal landing capa-
bllity. Such vehicles would, of necessity, be
relatively slender and nénsymmetric in order to
provide the required 1ift; the economics of cuch
vehicles might call for required reuse. While the
gross entry environment for these vehicles will be
little different from that previously encountered,
their configurations will result in flow fields of
a somewhat different character.

We are presently fast approaching the capability
of launching unmanned prcbes of the atmospheres of
Mars and Venus, for whichk a whole host of new entry
problems will be encountered. The atmospheres of
these two planets are at this time not fully deter-
mined, but both are thought to contain significant
fractions of COp and Np, leading us to expect radi-
ation heat transfer of major proportion from cyan-
ogen formed in the shock layer, especially at the
moderate velocities associated with Mars entry.
Characteristic entry velocities for such probes
are shown in Figure 1.

Because Mars is thought to be that planet in the
solar system, other than Earth, most likely to have
an environment sultable for the evolution of life,
it may be the subject of extensive exploraticn,
first by unmanned systems, and then, if warranted,
by man. The mounting of a manned exploration pro-
gram will be accompanied by major new problems in
atmosphere entry associated with the three types of
entry vchicles contemplated for use in such a mis-
sion; namely, a large vehicle capable of hyperbolic
entry into the Martian atmosphere asgnlternative to
a propulsive maneuver, an excursion module for
landing on the surface from orbit if the Mars
Orbital Rendezvous mode is used, and a hyperbolic
earth reentry module. The entry velocity range
associated with each of these maneuvers is shown in
Filgure 1. Earth return veloeities showm presuppose
use of trajectories shaped by passage close to
Venus during the mission. For direct trajectories,
earth return velocities up to about 23 km/sec are
appropriate,
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Aloo Listed In the flgure 1o the entry velocity
ascociated with atmosphere probes of Juplter, pro-
vided that no propulsive braking 1s utilized.
Tolay's entry technology clearly does not permit
cuch an entry and much work must bLe done if such a
rission is to be attempted. Because Jupiter entry
prebves are so far in the future, no further con-
sideration will be given to them here.

FLIGHT MECHANICS ARD MOTICN

Arong the primary problems in flight mechanics
and motion appropriate to entry vechicle technology
are determination of the permissivle entry cor-
ridor, range capability, the ability to deploy
decelerators such as parachutes, and the ability
to land horizontally. Each of these places certain
requirements upon vehicles, and influences the
reentlry physics phenomena through their dependence
upon both entry trajectory and vehicle configura-
tion. The implicaticns of thece will be diccussed
for Earth and Mars entry.

Earth Entry

The eniry corridor is defined for supercircular
entry as the range of entry angle permitted to a
vehicle between the boundaries representing skip-
out (overshoot) and excessive deceleration (under-
choot). The allowable corridor is frequently
deseribed by a linear dimension, the corridor
depth, defined by Chapman (ref. 2) as equal to the
difference In the vacuum perigees for the corre-
sponding overshoot and undershoot trajectories.
The corridor available to a vehicle depends upon
the planet, its atmcsphére, the entry velocity,
and vehicle aerodynamic characteristics, and must
be sufficiently deep to accommodate approach guid-
ance tolerances. :

A very thorough discussion of earth entry flight
mechanics was given by Love (ref. 1). It was shown
there that the available corridor decreased rapidly
with increasing entry velocity, inereased with
increasing 1ift/drag ratic, and was further
increased if the modulation of 1ift through vehi-
cle attitude change was permitied. For entry
velocities characteristic of return from a mission
to Mars, these trends are graphically i1llustrated
by Figure 2, a plot of available corridor depth as
a function of maximum hypersonic 1ift/drag ratio
for two velocities and two 1lift modulation schemes.
These data are cross-plotted from the data of
Pritchard (ref. 3). For the roll-modulated case,
the vehicle flies at a fixed attitude corresponding
to a fixed ratio of the resultant 1lift to drag;
however, the vertical component of 1ift may be
modulated through rolling the vehicle about the
flight path axis. Lateral translation will result,
but this may be compensated by later maneuvers, if
desired. The entry through pullout is at maximum
pocitive lift-to-drag ratio. For this case, the
overshoot boundary is defined by the minimum entry
angle permitting constant altitude flight with
negative lift/drag ratio after pullout (i.e., the
vehicle rolls 180° at pullout), and the undershoot
boundary is defined by a 12g limit on resultant
deceleration.

Angle-of-attack changes are permitted in the
pitch modulated case in addition to roll. TFor
this case the overshoot criterion 1s the same as
for the previcus case, but the undershoot boundary
15 somewhat different. In undershoot, pitch

11

rodulation is empleyed when the 12 deceleratlion
Tinit is reached such that Lhis deceleration is
maintained ss the 1ift coefficient decreases
through zero and to maximum negative L/D. Roll
modulation at constant altitude is then assumed.

For the roll-modulated vehicle, large increases
in maximum 1lift/drag ratio beyond a value of about
one, offer only a smnll increase In avallable cor-
ridor depth, If the guidance accuracy is acsumed
to be typlecally about 15 km, the roll-modulated
vehicle provides a sufficient corridor depth for
L/D greater than 1/2 at 15.2 km/sec, typical of
the entry velocities for return trajectories from
Mars, but provides a maximum of only about 10 km
al the extreme high energy retwurn velocity of
21.3 km/scc. In contrast, the pitch-modulated
vehlcle not only provides sufficient corridor depth
at I/D = 1 for the higher velocity, but can more
profitably employ higher L/D if required. The
penalty one must pay for pitch modulation is in
vehicle weight and complexity. Movable control
surfaces will bte required: to provide pitch modula-
tion, and these mist project well into the high
energy alrstream to be effective, thus creating an
aerodynamic heating problem of major proportions.
In addition, undershoot entries are steeper for the
pitch-modulated vehicle and higher radiative
heating rates and loads are encountered compared to
the roll-modulated vehicle of equal maximum L/D,
However, for a given corridor depth, lower L/D is
required for the pltch-modulated vehicle and this
trend is reversed (see ref. 3).

The preceding discussicn has shown a requiremernt
for L/D ranging from about 1/2 to 1 for earth
return from Mars, depending upon return velocity
and 1ift modulation scheme utilized., Vehicles pro-
viding such a capability will be necessarily rela-
tively slender compared 1o today's operational man-
ned entry vehicles. Such a family of vehicles is
the so-called lifting body, with a lift/drag ratio
ranging from sbout 1/2 in the blunter vehicles to

about 15 for the more slender vehicles (refs. L

and 5). It will be shown later that the relatively
slender vehicles are also compatible with require-
ments resulting from consideration of radiation
heat transfer at hyperbolic velocities.

Once the requirement for hypersonic L/D of the
order of one is established to meet entry corridor
requirements, significant longitudinal and lateral
range capability is afforded for selection of the
landing point, and the possibility of having con-
ventional landing capability is established. TFor
the latter capability, a subsonic L/D of from
three to five appears desirable, depending upon
vehicle wing loading. Such a subsonic L/D
appears feasible for a vehicle with hypersonic L/D
of about cne, and glide tests of a research entry
vehicle of this type, shown in Figure 3, will soon
begin at the NASA Flight Research Center.

Mars Entry
'

Many of the same considerations discussed for
earth entry are of interest for entry into the
atmosphere of Mars. In addition, the problem of
ballistic entry of unmanned probes or landers and
the complication of an uncertain atmospheric com-
position and structure are introduced. Estimates
of the surface pressure at Mars, which had ranged

from about 10 to 85 mb in recent years, have been
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revised downward to more nearly 10 mb, based upon
the results of the recent Mariner IV flyby. Atmos-
phere composition is still not established with any
certainty. Definition of the atmosphere structure
and composition with sufficient accuracy for
detailed design of optimum vehicles may not be pos-
sible until dircct measurements by unmanred probes
or landers are made, Until that tire, design of
Mars entry vehicles will, of necessity, be suffi-
clently concervative to permit successful entry
(and soft landing, if appropriate) for the range

of likely atmospheres. Levin, Evans, and Stcvens
(ref. 6) provide a list of references proposing
models of the Mirtian atmosphere and, corresponding
to the recent measurements of Kaplan, et al.

(ref. 7) and Kuiper (ref. 8), have generated three
tentative engineering models useful for decelera-
tion and heating calculations. The effect of
Martian atpospheric uncertainties upon flight
mechanlcs parameters will be discussed in the sub-
sequent paragraphs.

Hyperbolic entry at Mars of ballistic vehicles
is of interest in terms of unmanned stmcsphere
probes and landers. Because deceleration toler-
ances of instruments tend to be significantly
greater than those of man, entry corridor consjd-
erations for such systems are not usually critical.
However, to ensure landing at tolerable impact
velocities, such vehicles must decelerate suffi-
clently in the atmosphere to allow for the deploy-
ment of decelerators such as parachutes. If the
atmosphere 1s as tenuous as suggested by Kaplan
and Kuiper, as well as by the Mariner IV results,
vehicles will have to be quite blunt and lightly
loaded in order that deployment velocities are
reached at sufficiently high altitude. The degree
to which the atmosphere influences the vehicle
design for this case may be seen from the following
simple calculation.

The expression

Y. (coretp fom sin ) (1)
VE

from reference 9, defines the velocity of a bal-
listic entry vehicle during ils entry for condi-
tions of an isothermal atmosphere with constant
density scale height Hp and decelerations large

with respect to the local gravity. V is the
velocity, Vg the entry velocity, m/CpA the
ballistic parameter, p the ambient density, and
7E the entry angle. The stratosphere of each of

the three model atmospheres of reference 6 is iso-
thermal and has an approximately constant density

scale height. They have each been approximated by
an idealized isothermal atmosphere, with the den-

sity relation

P o(w/m) (2)
Pref

where h 1is the altitude, and the constants are
as given in the table.

Model 1 2 3

Prer (@m/cm3) 5.28x1070  5.69x1075 1.09x10-%

H, (m) ' 20.9 14,0 6.5
Model surface Lo 25 ' 10
pressure
p, (mb)
Jdealized sur- 39.6 28.6 25.4
face pressure
Prer (mb)
Tropopause 22 18 10

altitude (km)

Thus, the idealized atmospheres are good fits to
the respective models above the tropopause and
equation (1) is approximately valid here.

Equations (1) and (2) may be solved for the alti-
tude at which the velocity 1s reduced to a speci-
fied fraction of the entry velocity. This has been
done for V/Vg = 0.05, corresponding to reasonable
velocities for deployment of conventlional parachutes
and for vertical entry, and the results are plotted
in Figure 4 as a function of m/CpA for each of the

three idealized atmospheres. The dashed portions of
the curves represent altitudes below the corre-
sponding tropopause and the results are invalid
here. If a minimum deployment altitude of about
10 km is assumed, the figure shows that values of
the ballistic parameter somewhat greater than

6 gms/cnd are tolerable for Model 1, while a value
of about 2.5, about as low as can be attained in
practice, 1s required for Model 3. Entry at some
angle other than vertical would alleviate these
results somewhat, but would still require low val-
ues of m/CpA. Without better .definition of the

atmosphere, Model 3 would necessarily be the design
model for parachute deployment, and would require
extremely blunt, lightly loaded, entry véhicles,
This restriction, coupled with the associated high
levels of radiative heating, results in rather small
payload to gross welght ratios. Related aspects of
this problem were discussed by Roberts (ref. 10)

and Seiff (ref. 11).

The aforementioned atmospheric uncertainties
could have major impact on hyperbolic manned entry
vehicles as well. Such entries would be appropriate
if atmosphere braking were to be used elther for
direct landing on the planet surface from a hyper-
bolic approach trajectory or for caplure of an
approaching vehicle. The latter maneuver is part
of a mission mode called Mars Orbit Rendezvous in
which the mission vehicle enters hyperbolically, is
decelerated aerodynamically to approximately cir-
cular satellite velocity, and then, through a maneu-
ver utilizing 1lift, exits the atmosphere. When an
appropriate altitude 1s reached, a moderate propul-
slve maneuver is used to establish amorbit. From
this orbit, an excursion module may be dispatched
to the surface and, upon return, rendezvous with
the parent vehicle prior to departure for Earth,

In cither case, dircct entry or entry to orbit,
atmosphere braking can be more efficient than the
corresponding propulsion maneuver in terms of
equivalent specific impulse, ms 1s shown later.
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For such hyperbolic entrles, the concept of an
cntry corridor my be uced to define 1ifU roquire-
menls as a function of enlry velocity ard aimos-
pheric characteristies. Consideration wag given
to such entry corridors by McKenzie (ref, 12) and
Hapolin and Mendez (ref. 13), and Figure 5, cross-
plotted from McKenzie's data, illustrates the
aviailable corridor for atmospheres of two differ-
c¢nt scale heights within the range of the models
of reference 6. In this figure, the 1ift/drag
ritio is constant at 21/2, undershoot is defined
by a resultant deceleration of 10g with the lift
vector directed outward, and overshoct by capture
requirements with the 1lift vector directed towards
the planet. As can be seen, if a guldance accu-
racy of 15 km is assumed, sufficient corridor
would be provided even for the smaller value of
scale height for the full range of velccities of
irterest. For a given scale heipght, surface pres-
sure level is not a factor in determining available
corridor because this pressure tends only to fix
the altitude at which maneuvers take place. In
the case of Figure 5, the minirum altitudes for
undershoot are above surface level even for a sur-
face pressure as low as 11 mb.

Atmospheric uncertainties introduce a more sub-
tle effect in available corridor depth, however.
Scale height, as’ well as surface pressure, influ-
ences the altitude at which the corridor is placed.
Without preclse determination of these parameters,
an approaching vehicle would be limited to that
corridor defined by the lowest overshoot boundary
and the highest undershoot boundary appropriate
for the range of postulated atmospheres. The curve
labeled COMPOSITE in Figure 5 represents the result
of this consideration as influenced only by scale
height uncertainty in the range specified, and
shows that for velocities above 9 km/sec in this
case, the available corridor is decreased rapidly
with increasing velocity and vanishes at about
10.5 km/sec. Consideration of a range of possible
surface pressures would reduce the corridor still
further. Clearly a vast improvement in our knowl-
edge of the Martian atmosphere is important in
order that the full benefits afforded by atmos-
phere braking can be realized. As for earth entry,
increasing the lift/drag ratio and providing lift
modulation capability both increase the available
entry corridor and, for Mars, reduce the impact of
atmospheric uncertainties.

The provision of 1lifting capability for hyper-
bolic Mars entry vehicles utilizing the Mars Orbit
Rendezvous mode has an additlonal benefit, that of
permitting plane change during entry. Such a
maneuver would allow greater flexibility in
incoming trajectory parameters while still per-
mitting post-entry orbits consistent with possible
landing locations and subsequent desirable Mars
escape trajectories. This aspect of atmosphere
braking at Mars was considered by Napolin and
Mendez (ref. 13), and Figure 6 herein displays a
representative result. The plane change capability
for an entry velocity of 8.4 km/sec is plotted
against lift-to-drag ratio with undershoot defined
by 5g resultant decelerations and overshoot ty
miintenance of level flight with maxirum negative
L/D (roll modulation), For an L/D of 1/2, a
modest plane change of about 10° 1s afforded, but
for L/D of one, this capability has increased to
about 259, permitting considerable flexibility in
trajectory selection.

The entry velocitics for a Mars excursion module
capudble of entry frem an orbiting parent spacecraft
arc conslderably lower than those sppropriate to
hyperbolic culyy., One study of such a vebicle,
described by Dixon (ref. 14), has determined that a
half-conc vehicle with L/D of about one is feasi-
ble from a motion and heating point of view, with
the heat protecticn afforded through reradiation,
The 11ft capabilitiy of such a vehicle is particu-
larly important for lateral range capability.

Entry flight mechanics, because they arc not sen-
sitive 1o atmosphere composition, are expected, for
Vemus entry, to be very much like those at Earth.
For ballistic prohes, the major problems are
expected to be those related to entry heating at
velocities greater than 11 km/sec in a possibly
dense atmosphere with appreciable concentration of
COp.

FILOW FIELDS AND HEATING

It has been established from our considerations
of flight mechanics and motion that relatively
slender lifting vehicles are appropriate for hyper-
bolic entry at Farth and Mars for manned vehicles,
and thut extremely blunt ballistic probes appear to
be required for unmanned Mars landers. A brief
summary of the problems and prcgress in under-
standing flow fields and heating of such vehicles
is now given. Except where noted, thé discussion
is limited to a reacting gas mixture in chemical
equilibrium because, in general, nonequilibrium
effects on radiative and convective heating have
been shown to be of less over-all importance (e.g.,
ref. 15).

Inviscid, Adiabatic Shock Layer

Although for earth entry at velocities much above
parabolic the effects of shock-layer radiation and
conduction are important in the determination of
shock-layer structure, it is instructive to con-
sider the inviscid, adiabatic shock layer both for
direct application at lower velocities and for com-
parison with shock layers determined including these
energy transfer mechanisms at the high velocities.
Seiff (ref. 16) revieved the status of flow-field
analysis in 1962. Since that time, further advances
have been accomplished, including the further devel-
opment of two methods which appear capable of ana-
lyzing the flow about a blunt nose at large angle of
attack. The first method, a direct, essentially
exact numerical method, avoids the usual complexity
of attempting to integrate the elliptic equations
in the subsonic portion of the flow field by
treating the problem as one in unsteady aerody-
namics. The unsteady equations are hyperbolic with
well-defined initial conditions and can be inte-
grated to arbltrarily large times such that the
steady-state flow is approached as closely as
desired. Buch a method is that of Bohachevsky,
Rubin, and Mates (ref. 17). Further development of
this approach should make possible the treatment of
the flow about arbitrary bodles with realistic high-
temperature gas properties. P

The second method discussed here is the approxi-
mate method of Kaattari (ref. 18) in which mass-
flow continuity in the shock layer and empirical
correlations were used to define the shock shape
and shock-layer properties for blunt bodies at
large angles of attack. The method is appropriate
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fur flow of an ideal gas or reacting gaz mixtures
at cquilibrium, Some interesting results were
given by Katzen and Kaaltari (rer. 19) and are
reproduced here as Figures 7 and 8, It was deter-
mined that stagnation polnt shock stand-off dis-
tance for equilibrium flow could be correlated as
a function of normal shock density ratio for a
fixed geometry. The curves of Filgure 7 show 3uch
correlations for spherically blunted cylinders of
various nose radil as derived by Katzen and
Knattari. Also shown for a hemisphere-cylinder is
the stand-off distance correlation derived by
Lomax and Inouye (ref., 20) by an inverce method.
Agreement of the two methods is good. Except for
the recent work of Bohachevsky, et al., this family
of shapes {other than the hemisphere-cylinder) has
not been amenable to calculation before.

Shock shapes for a flat-faced cylinder at angle
of attack are shown in Filgure 8(a) and compared to
experimental data at 30° angle of attack for a
density ratio of 0.25. Prcssure distribution for
the same shape is compared to experiment at 20°
engle of attack in Figure 8(b). In both cases,
agreement between experiment and prediction is
extremely good, and this method should prove
extremely versatile. It has also been extended
successfully to the calculation of stand-off dis-
tance for nonequilibrium flows and for flows with
gases injected into the shock layer (ref. 19).

donvective Heat Trensfer

Any discussion of the laminar heat transfer in
air at hyperbolic velocities must begin with con-
sideration of the transport properties of ionized
air. Predictions of stagnaticn point heat transfer
to date have been based on transport properties
predicted by simplifications of the Chapman-Enskog
formulation (see refs. 21 and 22). Typical of such
calculations are those of reference 23 based upon
the transport properties of Hansen (ref., 24),
While agreement between heat-transfer prediction
and experiment has been satisfactory up to equiv-
alent flight velocities of abcut 15 km/sec, corre-
sponding to about 50 percent ionization of air,
we realize now that this is & result of the rela-
tive insensitivity of surface heat-transfer rate
to thermal conductivity ocutside the boundary layer.
Figure 9, a plot of total thermal conductivity as
& function of temperature, was used by Ahtye
(ref. 22) to demonstrate the inability of the sim-
plified theory to predict the experimentally
observed values of Maecker (ref. 25) for nitrogen
when ionization becomes important. Ahtye has uti-
lized the rigorous second order theory for par-
tially ionized argon in references 21 and 22, and
these results should give some indication of the
importance of the previously neglected effects in
more complex gases. An example of this effect 1s
glven in Figure 10, wherein the translational
thermal conductivity is plotted as a function of
temperature, at a pressure of 10-1 atm, for both
the simplified and more rigorous second order
theories. The latter values are greater by some
30 to 50 percent when ionization is appreciable.

Heat transfer for equilibrium mixtures depends
upon reactive and thermal diffusive compcnents of
conductivity, as well as on the translaticnal com-
ponent. The first two corponents are dependent
upon multicomponent and thermal diffusion coeffi-
clents. These coefficients have been caleculated
for partially ionized argon by Alutye (ref. 22),.

However, the renctive and thermal dlffusive compo-
nents depend also upon macroscepic cencentration
gradients for ions and electrons and the charge-
separaticn ficld which may affect these gradicnts.
These efTects have not yet been determined, und thus
the accurate prediction of convective heat transfer
in highly ionized gases is not yet possible.

Some indication of how important an order of mag-
nitude change in total thermal conductivity might
be to convective heat transfer in air is given ty
Figures 11 and 12, from Howe and Sheaffer (ref. 25).
Figure 11 shows assumed thermal conductivity curves
{and Maccker's data) as a function of temperature.
Curve I 1is the prediction of Yos (ref. 27) which
fits the data quite well until ionization becomes
important; curve II corresponds to an arbitrary
increase of roughly an order of magnitude over Yos'
curve in the region of important ionization; and
curve IIT epproximztes the prediction of Hansen up
1o 15,000° K and then is faired into the Yos curve.
Stagnetion point heating rates were calculated by
Howe and Sheaffer for each of these assumed con-
ductivity functions and the results are shown in
Figure 12. Although these values were calculated
for & viscous, conducting shock layer with radiastion
transfer, the Reynolds numbers are sufficiently high
and the radiant transfer sufficiently low that the
results correspond closely to a more classical
boundary-layer calculation. It is evident that the
order of magnitude difference in conductivity
appears as only a factor of two in heat-transfer
rate at the highest enthalpy level shown, and then
only for equivalent velocities greater than about
20 km/sec. Shown also 1s the prediction of Howe
and Viegas (ref. 28) wherein Hansen's properties
(to 15,000° K} were used. If ihis is extrapolated
linearly to higher velocity, it lies roughly half-
way between the two extremes shown. Because exper-
iments have been limited to conditions corresponding
to & maximum of about 15 km/eec, the reascn that no
discrepancies between experiment and theory have
been noted, even with 50 percent ilonization, is the
relative insensitivity of heat transfer to thermal
eonductivity external to the boundary layer for
these velocities. It is evident that, should the
sccond order total conductlivity predictions, when
established, show even an order of ragnitude
increase over the current approximations above
10,000° K, experiments at equivalent velocities
greater than 20 km/sec will be required to confirm
the effect upcon heat-transfer rate. Nevertheless,
such velocities are at the upper end of those
appropriate for direct return from Mars, and these
effects may well have an {mportant influence on
vehicle selection and design.

The relative insensitivity of heat transfer to
high-temperature gas properties for relatively cold
walls was shown by Marvin (ref. 29) for various
other pure gases at velocities up to about
10 ¥m/eec, It was found that a single correlation
could be established for all the gases considered
(cop, Air, Np, Ho, A) in terms of low-temperature
transpori properties. These results age shown in
Figure 13, wherein all the numerical results are
within 216 percent of the correlation functiocn.
Plotted is a convective heat-transfer parameter
egainst enthalpy ratio. @p is the ratioc of
density-viscosity product at the onset of dissocia-
tion (or ionization in the case of argon) to that
at the wall, hyp 1s the corresponding static

enthalpy, and g 1is the ratio of total enthalpy to
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(Ll outidide the boundary lhayer,  Marvin also found
thit the Jaminar heating rate distribution te blunt
budices, as caleulated from local sinmiluarity prin-
ciples, was 1ittle affected by composition, and, as
for air, can be obtalned with reascnable accuracy
from the inviscid flow alone so long as the pres-
sure gradicnts are not too large {ref. 30) and

from ideal gas boundary-layer solutions when prese
sure gradients are high (ref. 31).

Unfortunately, our understanding of transition
and turbulent heat transfer at reentry velocities
has not advanced to the s=ame degree as has that
for laminar flow in the past few ysars., The mech-
anisms leading to transition are not well defined
and hence theoretical predictions can not be
derived. FEmpirical transition criteria have been
derived from low velocity grourd facility and small
scale flight experiments, but how they can be
extrapolated to flight conditions at moderate to
high local Mich numbers, small ratios of wall to
total enthalpy, and in the presence of ablation,
has not yet been well established. Much the same
situation holds for turbulent flow at recntry
flight conditions. Turbulent skin friction and
heating predictions are also based upon relatively
low velocity data with corrections for high tem-
peratures, enthalpy ratios, and Mach nunber through
a variety of estimation techniques (see refs. 32
and 33). One can show that a requirement for a
significant increase in our abllity to predict
transition and turbulent flow phenomena exists for
the hyperbolic lifting entry vehicles appropriate
for future missions. For example, typical boundary
trajectories for earth entry at velocities appro-
priate to return from Mars are shown on an
altitude-velocity plot on Figure 14. The vehicle
{s assumed to have a maximum L/D of one with
modulaticn by roll control, a ballistic parameter’
(m/CpA) of 49 gm/cm?, and enters at a velocity of
15.2 km/sec. Plotted also are lines of constant
free-stream Reynolds number based on a length of
10 meters, typical of the over-all length of con-
templated vehicles, The vehicle would experience
maximum free-stream Reynolds numbers of about
3 x 106 based upon vehicle length during the under-
shoot trajectory; local Reynolds numbers based
upon conditions outside the boundary layer and the
length of the vechicle would be roughly an order of
magnitude lower, or of the order of 109. Reynolds
numbers based upon local conditions and laminar
momentum thickness would be rcughly 500. Each of
these values is sufficiently large that transition
must be considered a distinct possibility, partice
ularly in the presence of the mass transfer and
surface roughness associated with ablation.

Radiative Heating

Tt has become apparent in the past few years that
a5 contemplated entry velccities were increased
above parabolic escape speed at Earth, the contri-
bution of radiative energy transfer from the hot
shock layer would have to be considered in vehicle
design along with that from conduction in the
boundary layer, In fact, for very blunt vehicles
(as appropriate to satelllite reentry and lunar
return) the radiative input would dominate even
for velocities at the lower end of the Mars return
velocity spectrum. Detailed consideration of both
mechenisms of energy transport has led to the con-
cept of more slender vehicles to compensate for
the potentially dominant radiative transfer; these
will be described in a subsequent section. In

Lthis scevion, some recent radiuative research
results will be briefly discussed.

The principal radiators and the corresponding
radiative intcnuities for high-temperature air and
gases thought to be representative of the atwos-
pheres of Mars and Venus arc reasonably well estab-
lished for conditions corresponding to velocities
up to approximately 8 km/scc. In thls f£light
regime, the dominant radiation sources are mole-
cules undergoing radiative transitions from excited
states to states of lower energy. Some recent data
obtained in a free-flight faeility by Arnold, Reis,
and Woodward (ref. ?4) for mixtures of COp and Np
are shown in Figure 15. These data are appropriate
for flow flelds in chemical equilibrium and the
emission is seen to correlate with a function of
density and velocity in much the same manner as
does that for dissociated ajr. Shown also is the
prediction for air of Kivel and Bailey (ref. 35)
and it is apparent that at the lower velocities
radiation from the COp-Np mixture exceeds that for
air by as much as an order of maganitude. This
effect is attributed to the radiation from the
CR-viclet band system which dominates the emission
Tor the former case. Other shock tube and free-
flight data and predictions (refs. 36, 37, and 38)
are shown in the figure as indicated. At veloci-
ties above about 10 km/sec, radiation resulting
from recombination of ions and electrons, brems-
strahlung, and atomic line radiation become the
dominant factors, and in this region the COn-Np

mixtures and air behave in a similar manner. This
1s expected since few molecules exist at the corre-
spondingly high temperatures (about 10,0000 K and
above).

Not properly accounted for in this work is the
increasingly important contribution to the contin-
uum radiation of sources at wavelengths shorter

o
than 2,000 A for air and COp-Np mixtures. Recent

work by Biberman, et al. (ref. 39), Nardone, et al.
{ref. L40) and Hahne (ref. 41) has demonstrated the
importance of this region of the spectrum for
velocities mich above 10 km/sec. The intensity of
this radiation is such that the radiating gas layer
mist be treated as self-absorbing for these wave-
lengths, complicating the heretofore conceptually
simple scaling relations., The impact of this
recent work is yet to be fully determined.

Although the simple model of an adisbatic,
optically-thin shock layer has been generally
appropriate for the calculation of radiation heat
transfer to vehicles of moderate size entering
plenetary atmospheres at velccities up to about
15 km/sec (provided the vacuum ultraviolet contri-
bution is not considered), higher velocity applica-
tions require that the effects of energy transfer,
both by radiation and conduction, be considered in
determining the shock layer. Wilson and Hoshizaki
considered the effect of large radiation transfer
upon the inviscid flow field of hemisphere~-shaped
bodies by an integral method (ref. 42), and deter-
mined the resulting radiation relative to that for
an assumed adlabatic shock layer. The gis was con-
sidered optically thin. For the stagnation point
flow, the radiation was found to decrease slignifi-
cantly when the energy radiated from a mass of gas
traversing the stagnation region (as calculated for
adiabatic flow) became as large as the order of
1/10 of its initial total energy. This is shown in
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n {ref. 43} analyzed the radiating viscous
)hvcr. In the former, only the stagnation

n was considered for a grey gas. It was found

the convective heat transfer was significantly

ced for cases where radlant heat transfer
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aver to be reduced, although a simple correlation

n ttese terms was not possible. These results are
~tted in Figure 17 at 1 atmosphere pressurc and
- varfous nose radii. PBecause of the relatlively
..g dependence of radiation upon gas density,
e decrence in the convective heating pararmeter
41d be greater for higher pressures. The ceffect
wf raijation cooling on the radiant heat transfer
1s501f wus found to be essentially independent of
the inclusion of heat conduction (for the Reynolds
ruzbers considered), and the results are in agree-
rent with those of Wilson and Hoshizaki, as shown
{n Figure 16.
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Hoshizaki and Wilson (ref. 43) retained the
cptically thin assumption in extending the inte-
gral method to the viscous shock layer. Two dif-
Terent estimates of the emissivity of air were
ured, one corresponding to the estimates of
Veyerctt, et al. (ref. UL}, and the cther to the
sczewhat higher estimates of Kivel and Bailey
{ref. 35)., TFor the stagnation point, the results
were found to be in general agreement with those
of Howe and Viegas., Distribution of both convec-
tive and radiative beat-transfer rates about a
temisphere were again found to be roughly inde-
pendent of the level of radiation, provided they
were plotted in terms of the ratio of local to
ccrresponding stagnation point values. These
results are shown in Figures 18(a) and 18(b).
liote, however, that the level of heating, both
convective and radiative, depended upon the magni-
tude of the radiation transfer.

The influence of the intense radiation in the
vacuwr ultraviolet upon these results must now be
determined. One cannot say a priori that the
stagnation point correlation of Figure 16 and the
irvariance of dlstribution with radiation cooling
level, as shown in Figures 18(a) and 18(b), will
remain unchanged because self-absorption of the
UV radiation will tend to influence the convec-
tive heat transfer through heating of the gas
adjacent to the surface, and the influence may be
a function of local conditions on the body. This
chould be a fruitful area of investigation.

VEMICLE CONFIGURATION ASPECTS

The performance of heat protection systems,
whether operating by ablation, reradiation, tran-
fplration, film ccoling, cor simply by energy stor-
age, mist te determined along with the flow-field
and encryy-transfer characteristics external to
the vehicle in corder that efficient vehicle con-
cepts be derived. Reradiative systems are appro-
Friste, with the present high-temperature materials

technolopy, to the low Jevels of heating susnbadney
over long durations, such as for 1ifuing vehicles
(L/D ~ 2 or more) cntering the Earth's atmosphere
at satellite veloclty. For higher velocitles, or
vhen heatinp pulses are of large magnitude and
short duration, ablation, tranepiration, or film
cocling systems are more appropriate, with ablaticn

hnving been used almost exclusively in recent years.

The inefficicnt heat-sink type of system is gen-
erally not competitive except perhaps for special
applications.

Heat-protection-system performance per se will
not be discussed here in any detall; rather, some
slmple models of ablation will be used to dermon-
strate the importance of the convective and radia-

“tive heating inputs upon vehicle configuration for

super-satellite entry velocities at Barth.

The apparent dominance of radlative heating over
convective heating for blunt bodies at velocities
greater than parabolic eccape speed at Earth (for
example, refs. L5 and 46), has led to the study of
moderately slender cones with a pointed rather than
a blunt nose for such reentry conditions. Allen,
Seiff, and Wirovich (ref. 15) analyzed a family of
such cones for hypervelocity ballistic earth entry
and some pertinent results are shown here. Two
ablators were considered, one a low-temperature
ablator having the assumed characteristics of sub-
liming teflon, and the other a high-temperature

ablator having the assumed characteristics of vapoer-
izing quartz. The cone was assumed to remain sharp;

the detalls of the analysis are given in the refer-
ence. In the analysis, optimum cone angles were
computed for minimum absorbed energy fraction as a
function of entry velocity for both all-laminar and
all-turbulent flow. The results for laminar flow,
both with tke teflon and quartz ablators, are shown
in Figure 19, Corresponding results for turbulent
flow are shown in Figure 20. In these figures, 1
is the absorbed energy fraction (ratio of absorbed
energy to initial kinetic energy) and 6c 1is the
semlvertex angle of the cone. The parameter B is
a ballistic parameter defined by

_ S ety
~m sin 7E

where p, 1is the atmospheric density at the sur-
face and the other parameters are as defined
previously.

One important point to note from these results is
that for each optimum condition, convection con-
tributes approximately 85 to 90 percent of the
total energy absorbed, and for the radiative models
used, equilibrium radiation accounts for most of
the balance (nonequilibrium radiation input is gen-
erally negligible). At first glance, this behavior
appears somewhat anomilous when the tendency
towards dominance of radiative transfer over con-
vective transfer at such velocitles is considered.
For stagnatlion flows, for example, optimum nose
radiil vere calculated for minimum ene®gy transfer
by Howe and Sheaffer (ref, 47) and for these cases,
radilation transfer exceeded net convective transfer
by factors of from two to nine. No real anomaly
exists, however; for given flows over sharp cones,
convection decreases slowly and radiation increases
rapidly with increasing cone angle, while for
increacing nose radius in stagnation flow, convec-

tion decreases almost as rapidly as radiation
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with o recpese to oo anollier, inoeither enase, tor
a glven configuration {cone angle or nose radius)
raliation would tend towards dominance for veloc-
{ties greater than that corresponding to the opti-
mum. liote also ihat reference 15 considered total
cnorgy transfer while reference 47 calculated min-
jmmim heating rate.

e, A veout g

optimum cone semivertex angles terd to be ruther
large, from 25° to 509, for the range of param-
crers shown, both for Ilaminar and turbulent flow,
For turtulent flow, the absorbed energy fractions
aye nearly an order of magnitude greater than for
laminar flow, a result of the aforementioned domi-
nanze of the convective energy absorbed. This
result is graphically illustrated in Figure 21, a
plot of laminar and turbulent optinum cnergy frac-
tions as a function of ballistle parameter for
various entry velocities. The laminar curves -are
assumcd vialid for local Reynolds numbers less than
107, and the dashed portions of the curves repre-
sent arbitrary fairings to Join with the turbulent
curves, One can conclude that important.areas for
future rescarch should be those associated with
determination of transiticn eriteria, maintennnce
of laminar flow, and determination with greater
confidence of the turbulent heating levels for
reentry conditions.

The analysis described above neglected the effect
of shape change. If shape change were permitted,
the sharp cones would rapidly blunt, radiative
transfer would be much enhanced in the nose region,
and the resulting surface recession In the nose
regions would tend to continually accelerate the
blunting effect during an entry. "This suggests
that some means of providing nonablative tips
should be sought. Transpiration or film cooling
may be appropriate means of providing such protec-
tion. Such nonablative heat-protection techniques
may also be desirable for entry vehicles which are
designed for reuse.

The results just described were derived specifi-
cally for ballistic entry. No equivalent paramet-
ric analysis has been performed for lifting entry;
such an analysis would be much more complex. How-
ever, a conceptual 1ifting entry vehicle design
study for one set of entry ccnditions was carried
out and is reported by Hearne, Chin, and Lefferdo
(ref. 48). The veblecle configuration consisted of
a spherically-blunted circular cone aligned with
its axis parallel to the direction of flight, and
with its base raked off at an angle to provide the
desired 1ift. An elliptic cone afterbody was
fitted to the raked-off base to provide useful
volume. The vehicle studied had a lift/drag ratio
of 0.6, and a ballistic parameter (m/CpA) of about
100 gm/cme. For given gross weight and volume
(including afterbody), a cone semivertex angle of
about 400 was found to yield minimum heat-shield
welght for entry into the Earth's atmosphere at
19.8 km/sec with a phenolic-nylon ablative heat
shield assumed.

Two levels of radiative heating were assumed;
the large (nominal) corresponding roughly to the
estimates of Nardone, et al. (ref. %0), and the
sraller equal to 1/10 that amount. Heat-shield
ma6s 1s plotted for each case as a function of
cone angle for these two estimates in Figure 22.
For the larger emission, the optimum angle is
about 439, and when the radiative input is reduced

1z

an order of magnitude, the optimum chifte to an
angle above bH° while the heat-shield macs is
reduced to a value estimited to be about uvne-balfl
that for nominal emission, The facl that the heat-
shield masses are not in proportion to the emlssion
levels is attributed to the influence of convective
heating, radiative cooling of the shock layer,

- reradiation from the heat-shield surface, and the

presence of unaffected heat-shield insulation.

The effect of transition Reynolds number is shown
in Figure 23, a1 plot of heat-shield mass against
cone angle for three values of transitlion Reynolds
number based upon momentum thickness. As expected,
an increase in transition Reynolds number results
in a decreased optimum cone angle and a tctal heat-
shield mass reduction of a factor of about two for
the values showm., This again demonsirates the
importance of the determination of tramsition cri-
teria ard turbulent heat transfer.

RELATIVE MERITS OF AERODYNAMIC
AND PROPULSIVE BRAKING

Allen {ref. 149) considered the relative merits of
propulsive and aerodynamic braking for deceleration
at earth return. This comparison was based upcon
the results for ballistic entry of sharp, ablating
cones described previously (ref. 15). Plotted in
Figure 24 is the equivalent specific impulse for
the teflon and quartz ablators as a function of
entry velocity, for laminar flow. -Shown also are
typical specific impulse values appropriate to
chemical and nuclear rockets. Equivalent specific
impulse values for the aerodynamic braking case
with turbulent flow would be about one order of
magnitude lcewer than for laminar flow, and for
teflon wculd be of the same order as the propulsicn
systems, while quartz would still be more effective.
More complete comparisons making use of estimated
engine, propellant tank, and structure weights for
propulsive systems, and insulation and structure
welghts for atmosphere braking systems, should be
investigated. So long as laminar flow can be main-
tained, however, it 1s expected that the advantage
would remain with atmosphere braking.

Much the same advantage was shown by Tauber and .
Seiff (ref. 50) for atmosphere braking from hyper-
bolic approach velocities to orbital velocity at
Mars, compared to the equivalent propulsive maneu-
ver. In the reference, initial mass required in
earth orbit to launch the misslons was considered
the measure by which relative advantage was deter-
mined, and systems utilizing rocket propulsion at
Mars to perform the capture maneuver were approxi-
mately twice as massive as those utilizing atmos-
phere braking. Thus atmosphere braking to orbit at
Mars for manned missions appears to offer a signif-
icant advantage over propulsive dbraking from a
vehicle weipght standpoint. Its ultimate selection,
however, will depend upon many factors, such as the
level of heat shielding technology, ability to
store and insulate cryogenic fluids from the entry
heating loads, and residual uncertainties in the
Martian atmosphere. -

GROUND SIMULATION ARD FACILITIES

Ground facilities capable of simulation of one or
more of the parameters characteristic of reentry
flight have advanced considerably in the past few
years. Although the shock tube will continue as
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the primiry tool for the determination of high-
temperature properties of gases and for measure-
rents of phenomena wbich are essentinlly independ-
ent of free-stream simulatlon, such as convective
heat transfer to the forebody of blunt configura-
tions, new facility concepts which hold mach prom-
ise have been or are beling developed.

For the simulation of free-stream velocity, Mach
number, and Reynolds number, extensive development
of ballistic shock tunnels has been pursued. In
this type of facility, a small model is fired from
a light gas gun into a countercurrent gas strezm
generated by a shock tunnel. Relative velocities
of about 13 km/sec have been attained with models
of about 1/2 cm diameter (ref. 51).

Roughly similar capabilities with a model fixed
relative to the laboratery should be possible with
a new concept, the expansion tunnel (ref. 52).

The tunnel is ecsentially a double ddiaphragm shock
tube with the cross-sectional area increased down-
stream of the second disphragm. The test gas is
placed between the two dlaphragms and is first
compressed and accelerated by the shock wave gen-
erated through rupture of the first diaphragm.
This gas subscgquently undergoes expansion and fur-
ther acceleration by both the unsteady expansion
wave generated by rupture of the second dlaphragm
and the steady expansion as it passes through the
region of increasing area, The gas, by this time
at low temperature and high velocity, then passes
over the fixed, instrumented model. The expansion
tunnel is a modification of an earlier concept,
the .expansion tube (ref. 53), with potentially
greater utility.

Neither of the aforementioned types of faclili-
ties 1s capable of providing sufficlently long
test times for research with high-temperature
charring ablators, and most work of this type has
been carried out 1n various arc-heated wind
tunnels. The recently developed constricted arc
tunnel (ref. 54) has been operated at enthalples
up to about 24 x 10 cal/gm, corresponding to a
velocity of 1k km/sec, and may be appropriate for
development of such ablation materials suitable
for the next generation of entry vehicles.

The simultanecus attainment of reentry flight
velocity, Mach number, Reynolds number, and
heating history in ground facilities does not
appear possible at this time. Investigation of
these phenomena, shown to be important in the pre-
vious discussion, will have to be carried on with
partial simulation, as in the past, and supplemen-
ted with well chosen reentry flight testis.

CONCLUDING REMARKS

Some recent advances in atmosphere entry have
been reviewed agalnst a background of the require-
ments of missions of the future. The requirements
of unmanned and manned Mars misslions have been
emphasized, but some brief consideration was given
to unmanned Venus and Juplter missions and to
manned near-earth missicns.

Although the entry velocities characteristic of
Mars entries are low by earth entry standards,
prcblems somewhat different will be experienced.
Unmanned ballistic probes must be of extremely
high drag in order that they can decelerate to
sufficiently low velocities for parachute
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deployment,  Thus, the blunt entry configuration iz
still of pertincnce. Manned entry vehicles for
both Mars and carth entry, on the other hand, may
well tend to the less blunt confipgurations compat-
ible with lift/drag ratios of the order of one and
reduced radiative heating. The current uncertainty
in the definition of the Martian atmosphere has
serious implications for both unmanned and manned
entry at Mars,

The prediction of laminar convective heat iransfer
and radiative heat transfer for velocities up to
those corresponding to dissociation of molecules
appears to be well in band. The prediction of
transition and turbulent heat transfer for high
reentry velocitles and the prediction of laminar
convective and radjative heating at velocities
inducing significant ionization is, al present,
unsatisfactory. Critical to the improved predic-
tion of laminar convective and radiative heating
are the determination of second and bigher order
effects in thermal conductivity and {ihe effects cf
radiation Iin the vacuum ultraviolet portion of the
spectrum, respectively.

Finally, it is instructive to compare some of the
conclusions reached in a review of atmosphere entry
technology presented in 1961 {ref. 5) with those of
the present paper. In the ‘previous review, the
tendency of radiation heating to dominate the
heating problem during hyperbolic entry was cited

“"as a potential major problem, and this tendency

st11l exists today. However, it has been deter-
mined during the intervening period that nonequil-
librium radiation is not a major factor at high
super~-catellite velocities, and that radiative
cooling alleviates, to a degree, the tendency of
equilibrium radiation to dominate the convective
heat transfer. Radlation in the extreme ultra-
violet portion of the spectrum, not previously con-
sldered, has now been determined to be of major
importance. However, self-absorption of this emis-
sion may tend to reduce the impact of this compo-
nent of the radiation.

The situation with regard to transition and tur-
bulent heating remains little changed from 1961.
Of particular importance is the consideraticn of
transition, because large lifting and nonlifting
vehicles experience rather large Reynolds numbers
during atmosphere entry. The exlstence of exten-
sive regions of turbulent flow has been shown to
result In an increase of an order of magnitude in
heat-protection requirements for a class of conical,
ballistic, ablating configurations.
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Figure 1l.- Characteristic entry velocitles for future missions.
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Figure 11.- Total thermal conductivity of air as a function of
temperature; arbitrary extrapolations, 1 atmosphere.
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